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Abstract:  Looped water distribution systems are conventionally analyzed by using iterative numerical methods. The aim of the 
applied numerical methods is to solve the system of non-linear equations which express the energy and mass balance 
at the nodes. Instead of the widely used numerical solution of these non-linear equations, this paper introduces two 
heuristic optimization-based models for the hydraulic analysis of the water distribution networks. The optimization is 
achieved by using a modified Particle Swarm Optimization method which is a Heuristic method. The analysis is based 
on the h-Equation and the Darcy-Weisbach head loss equation. The first method modulates a cocontent objective 
function based on the energy fluxes. The second approach, which is presented for the first time in this article, is based 
on the objective function which directly checks the simultaneous validity of the mass balance equations at the nodes. 
Both cases end to an unconstrained optimization problem. Since the Darcy-Weisbach head loss is selected, the 
hydraulic resistances do not remain constant at each iteration, and therefore, a non-conventional optimization method 
must be applied. By comparing the two presented methods, the one based on the check of the simultaneous validity of 
the mass balance equations at the nodes better. This method could also be used for sensitivity analysis and for a more 
realistic investigation of the water distribution networks. 
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1. INTRODUCTION 

The urban water distribution systems are mainly looped pipe networks connected to tanks to 
serve the households of an urban area. The analysis of flow conditions of this type of networks is 
customarily described by a set of balance equations of uniform flow expressing the relationship 
between three basic determinants; namely, the flow (Q), the diameter (D) of the branches, and the 
hydraulic head (h) at each node (Tsakiris and Spiliotis 2014).  

The Q-Cross (Cross, 1936), Linear (Wood and Charles 1972), Newton- Raphson (e.g., Shamir 
and Howard 1968; Larock et al. 2000), and Gradient algorithm (Todini and Pilati 1988) methods are 
among the widely used methods for analyzing looped pipe networks (Spiliotis and Tsakiris 2011). 
All these methods are numerical iterative algorithms aimed at solving a set of linear and non-linear 
equations. Depending on the unknown variables, these methods are characterized as h or Q methods 
(Spiliotis and Tsakiris 2011).  

In fact, the h-Equations are based on the mass balance equation (continuity equation) at nodes, 
whilst the flow at each pipe is determined with respect to the head losses equation. Spiliotis and 
Tsakiris (2011) proposed an analysis method in which the basis of the solver is the h-Newton-
Raphson iterative procedure, based on the direct calculation of the flow of each branch using the 
Swamee and Jain (1976) head loss equation. In addition, the algorithm proposed by Spiliotis and 
Tsakiris (2011), Brkić (2012) and Spiliotis and Tsakiris (2012) leads to a more simplified procedure 
and more accurate determination of the Jacobian matrix which accelerates the convergence of the 
algorithm.  

In this article, we address the water looped pipe system according to the h-Equation formulation 
but in a different way. Instead of adopting a numerical method in order to solve the set of non-linear 
equations, an optimization procedure is used. Therefore, a "cocontent" objective function (Bhave 
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1991) is established and consequently the solution of the non-linear equations is treated through an 
unconstrained optimization procedure. 

In the case when the Darcy -Weisbach equation is selected to express the head losses, and due to 
the fact that the friction factor depends on the flow in each pipe, it is impossible to address the 
problem with the conventional optimization procedure. Therefore, in this article, the analysis of the 
water distribution system is based on a heuristic optimization procedure which enables us to change 
the hydraulic resistance of the pipes at each iteration. For this purpose, two methodologies are 
presented. The first one is based on the concept of energy fluxes (Arora 1976; Bhave 1991) whilst 
the second is based on the direct application of the mass balance equations at the nodes. A modified 
PSO method is used in order to address the optimization procedure. Finally, an arithmetic example 
is provided. 

2. BASIC NOTIONS 

The flow at each branch of a water distribution network can be calculated based on the hydraulic 
head losses in the branch. Considering the branch between the nodes i and n, the calculation is 
based on the following equation:  

( )
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In this equation Qi→n and Rin are the flow and the hydraulic resistance of the branch i-n, 
respectively, and hi and hn are the hydraulic heads at the nodes i and n, respectively. Also, m is the 
power of the flow in the head loss equation used. Based on the Darcy-Weisbach equation (m =2), 
the hydraulic resistance of the branch i-n can be calculated as (Tsakiris and Spiliotis 2014; 
Pantokratoras 2002): 
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The continuity equation at each node n may be written as follows (e.g., Lansey and Mays 2000; 
Tsakiris and Spiliotis 2014): 
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in which N is the total number of nodes of the network. Also I(n) is the set of all branches of the n 
node, and qn is the water outflow concentrated at node n. It is assumed that all the hydraulic heads 
are positive numbers. Here we focus on the demand-driven approach, that is, the water outflow 
concentrated at each node consumption n is considered to remain constant and independent from the 
pressure. Thus, in case of the demand-driven approach, the problem is to solve a set of N-1 non-
linear equations with respect to hn. 

3. COCONTENT APPROACH BASED ON THE ENERGY FLUXES 

The critical point of the proposed procedure is the construction of the objective function. In this 
section, the cocontent approach is based on the energy concept. Firstly, Arora (1976) proposed the 
following principle: "flows in the pipes of a hydraulic network adjust so that the expenditure of the 
system energy is minimum". Collins et al. (1978) have proposed a model, termed the cocontent 
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model, which is based on equations having the unknown nodal heads as the basic unknowns, i.e., 
based on h-equations (Bhave 1991). 

The model end to a non-constrained optimization procedure. The main idea is that, by partially 
differentiating the objective function with respect to each unknown hydraulic head at node, in order 
to find the minimum, the continuity equation at this node results.  

The objective function consists of two terms. The first term is the flux energy dissipation at 
pipes. The energy power Pin dissipated in branch in at the rate of Qin and undergoing a head loss hin 
is given by the following equation (Bhave 1991): 

in in inP Q h=     (4) 

Let us also consider a fictitious fixed ground node G with fixed known level hOG, as shown in 
Figure 1. The consumption nodes are connected to the (fictitious) ground node G with pseudo-
pipes. Thus, by the same way, the second term is the sum of the individually energy flow from these 
pseudo-pipes which, for each pseudo-pipe, is equal to (Moosavian and Jaefarzadeh 2014; Bhave 
1991): 

( )= −n n n OGP q h h    (5) 

in which qn is the nodal consumption at node n. 
Therefore, the total objective function is the following: 
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in which I(p) is the set of all pipes of the network and the term 
1 1
m

⎛ ⎞+⎜ ⎟
⎝ ⎠

can be interpreted as weight 

of the energy dissipated at pseudo-pipes in case of one tank connected with the water distribution 
network. Consequently, the first tem of the objective function f1 expresses the rate of energy loss in 

real pipes and the second term shows 
1 1
m

⎛ ⎞+⎜ ⎟
⎝ ⎠

times the rate of the energy loss in the pseudo-pipes 

(Moosavian and Jaefarzadeh 2014). 
It can be easily seen that by partially differentiating the objective function, f1, with respect to 

each unknown hydraulic head, the continuity equation for the corresponding node results (Eq. 3). 
Unfortunately, in case that the Darcy-Weisbach equation is selected to express the energy losses, 

the friction factor f of the Darcy-Weisbach equation depends on the roughness of the pipe and the 
Reynolds number and consequently the hydraulic resistance Rin (Eq. 2) does not remain constant for 
each iteration.  

This is the reason that the conventional optimization procedure can not produce a solution of the 
cocontent approach. Therefore, the use of the PSO heuristic algorithm is investigated in order to 
determine the minimum of the objective function. 

Several equations have been proposed to describe the pressure dependency of nodal outflow 
(Tabesh et al. 2002; Moosavian and Jaefarzadeh 2014; Tsakiris and Spiliotis 2014). It is obvious 
that since the available nodal outflow is a function of the available head at node, ,nh  the derivation 
of the objective function in case of the cocontent approach (Eq. 6) does not lead to the mass 
equation at node.  
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4. COCONTENT APPROACH BASED ON THE MASS EQUATION AT NODES 

Alternatively, it is proposed in this article, that the cocontent approach can be based on the mass 
balance equation at nodes. Obviously, the conservation of mass should be satisfied simultaneously, 
and therefore, the following objective function is adopted to be minimized: 
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In any case, the above function can be used as a measure of the non validity of the mass equation 
at nodes, or in other words it can be seen as an error measure. 

 The algorithm starts with the assumption of the hydraulic heads. This is made within the PSO 
algorithm as it is presented in the next sections. Having assumed the hydraulic heads at nodes, the 
next step is to determine the corresponding flows, friction factors and resistances to flow. By 
applying both the Darcy-Weisbach and the Colebrook-White equation - the Colebrook-White 
equation holds in case of turbulent flow (Colebrook and White 1937; Colebrook 1939) - the 
following combined explicit equation was derived by Swamee and Jain (1976) and Spiliotis and 
Tsakiris (2014):  
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in which ν is the kinematic viscosity of water, and ε is the roughness coefficient. The above 
expression of the velocity has the advantage that it includes the influence of the friction factor fin. 
According to this notation, if i nh h< , then the discharge at branch i-n diverges from node n 

( )0i nQ→ < . On the opposite, if i nh h> , the discharge at branch i-n converges to node n ( )0 .i nQ→ >  

Obviously, in case that i nh h= , the flow is equal to zero without any problem as in the Newton-
Raphson method. In addition, the case of laminar flow can be easily included within the presented 
hydraulic analysis. 

In brief, for each candidate solution the flow at pipes is determined with respect to the hydraulic 
heads (Eq. 8) and thereafter the value of the objective function is calculated (Eq. 7), following that, 
the heuristic optimization procedure is activated.  

5. PARTICLE SWARM OPTIMIZATION  

Particle Swarm Optimization (PSO) is a population based algorithm which exploits a set of 
potential solutions to the optimization problem. PSO is a stochastic global optimization method 
which is based on the simulation of social behavior. Similarly to Genetic Algorithm (GA) methods, 
PSO also exploits a population of potential solutions to explore the search area. In contrast to GA 
methods, in PSO no operators inspired by natural evolution are applied to extract a new generation 
of candidate solutions (Parsopoulos and Vrahatis 2002). Although the PSO is an effective, widely 
approached method, it is also much simpler than several other evolutionary algorithms (e.g., genetic 
algorithms) since it does not include the Crossover and Mutation operation in the original version of 
PSO. 

PSO can deal with non-linear optimization problems in non-convex domains (Ostadrahimi 
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2012). Each potential solution is called a “particle”, and the set of potential solutions in each 
iteration step forms the swarm (Papadopoulos et al. 2011). Each SWARM has a dimension N, 
where N is the number of the potential solutions. Each potential solution comprises of D -decision 
variables, where D is the dimension of the problem. 

More analytically, in PSO, the population dynamics simulate the behaviour of a "birds flock", 
where social sharing of information takes place and individuals profit from the discoveries and 
previous experience of all the other companions during the search for food. Thus, two variants of 
the PSO algorithm were developed. One with a global neighbourhood and one with a local 
neighbourhood. The partial optimum of the particle is usually applied as a local neighbourhood. 
According to the global variant, each particle moves towards its best previous position and towards 
the best particle in the whole swarm (Eberhart et al. 1996; Parsopoulos and Vrahatis 2002). 

The first version of the method can be found in Kennedy and Eberhart (1995) whilst several 
modifications of the PSO method have been published, for example the adaptation of inertia term or 
the consideration of the maximum velocity (e.g., Poli et al. 2007). The basic PSO algorithm is 
presented below (e.g., Shi et al. 1998; Poli et al. 2007): 

 

Algorithm 1 Original PSO. 

1: Initialize a population array of particles with random positions and velocities on D 

dimensions in the search area. 

2: Loop 

3: For each particle, evaluate the desired optimization fitness function in D variables. 

4: Compare particle’s fitness evaluation with its pi. If current value is better than pbesti, then set 

pi equal to the current value 

5: Identify the particle in the neighbourhood with the best success so far, and assign its index to 

the variable g. 

6: Change the velocity and position of the particle according to the following equation 

( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

, , ,i i 1 1 1 i i 2 2 2 g i

i i i

t 1 c 0 p x t c 0 p x t

x t 1 x t t 1

⎧υ + = ωυ + ρ φ ⋅ − + ρ φ ⋅ −⎪
⎨

+ = + υ +⎪⎩
 (9) 

7: If a criterion is met (usually a sufficiently good fitness or a maximum number of iterations), 

exit loop. 

8: End Loop 

where ρ(0,φi) represents a vector of random numbers uniformly distributed in [0,φi] which is 
randomly generated at each iteration and for each particle. The pi represents the best previously 
visited position of the ith particle (partial optimum) and pg is the global previously best achieved 
with respect to all particles (global optimum). Furthermore, the term ( ) ( ),1 1 1 i ic 0 p xρ φ ⋅ −

r r  which 

associates the particle’s own experience with its current position is weighted by 1c , constant, and it 

is termed as “sociality” (cognitive acceleration). The term ( ) ( ),2 2 2 g ic 0 p xρ φ ⋅ −
r r is associated with 

social interaction between the particles of the neighbourhood and constant weight 2c , and it is 

termed “individuality” (social acceleration). For the standard PSO, c1 and sociality c2 are allowed to 
take values in the interval from 1.5 to 2.5 (Papadopoulos et al. 2011), while the archive and the 
corresponding swarm population size were selected to be equal to 50. 
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6. MODIFICATIONS OF THE PSO METHOD 

Unfortunately, in some cases the PSO method converges rapidly to local optimum. This occurs 
because sometimes, the current global optimum, after a significant number of iterations, dominates 
the new particles. This happens when the global optimum together with the partial optimum can not 
be changed through the iteration process. 

However, if the temporarily total optimum (during the searching process) is a local optimum, the 
swarm is going to be trapped in the neighbourhood of this local optimum. In order to overcome this 
problem, we follow the strategy of Salehizadeh et al. (2009), who proposed the division of the 
population into two populations by defining a new variable γ which is termed “avoidance rate” and 
which is chosen iteratively in [0,1] (Salehizadeh et al. 2009): 

( ) max(1), 0.75
1
rand t t

t
otherwise

γ
<⎧

= ⎨
⎩

 (10) 

in which maxt is the selected maximum number of iterations. 

Subsequently, if N is the number of particles, then γ×Ν particles must perform the standard PSO 
velocity update: 

( ) ( ) ( )( ) ( ) ( )( ), , ,i i 1 1 1 i i 2 2 2 g it 1 c 0 p x t c 0 p x tυ + =ωυ + ρ φ ⊗ − + ρ φ ⊗ −  (11) 

and the remainders follow a different update formula: 

( ) ( ) ( )( ) ( ) ( )( ), , ,i i 1 1 1 i i 2 2 2 g it 1 L c 0 p x t c 0 p x t⎡ ⎤υ + = ωυ − ρ φ ⊗ − + ρ φ ⊗ −⎣ ⎦
 (12) 

where L is the "avoidance coefficient" which is chosen initially. Here, based on the simulation and 
after several trials and based on the Salehizadeh et al. (2009), a value of L=4 was selected. The Eqs. 
11 and 12 compose the exploration rule, or in other word, the update of the particle positions. 

7. NUMERICAL EXAMPLE 

Consider the example of Spiliotis and Tsakiris (2011) (Fig. 1). Τhe total hydraulic head at node 
(1) is considered as known and it is equal to 200 m asl.

 

The mass balance equations at node are: 
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(13)

 

Consequently, the following objective function, which checks the simultaneous validity of the 
mass balance equations at nodes, is used: 

( ) ( ) ( )

( ) ( )

2 2 2
1 2 5 2 3 2 2 3 4 3 5 4 3 4

2 2 2
4 5 2 5 6 5 1 6 5 6

0.015 0.010 0.035
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Q Q Q Q Q Q Q
f

Q Q Q Q Q
→ → → → → → →

→ → → → →

+ + − + + − + + − +
=

+ + − + + −
 (14) 

The flow of each branch is determined with respect to Eq. (8). For example, at branch 34 
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considering the mass balance equation at node 4, the flow from node 3 to node 4 is the following: 

( )
34

2
3 4 34

3 4 3 4 34
34 3 4

34 34
34

2.512 log
3.7 2

2

h h D
Q sign h h gD

L D h h
D gD

L

πε ν
→

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟

−⎜ ⎟⎜ ⎟
= − − +⎜ ⎟⎜ ⎟

−⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

 (15) 

Obviously, D34 =D43, L34 =L43, and Q34 =-Q43. 
In contrast to Spiliotis and Tsakiris (2011), here the modified PSO algorithm is followed instead 

of the Newton-Raphson algorithm. The algorithm starts with the assumption of the hydraulic heads. 
This is made within the PSO algorithm, initially by following an arbitrary choice and then, at the 
next iterations, by following either the Eq.11 or the Eq.12, that is, by following the exploration rule 
of the swarm. Each set of hydraulic heads represents a particle. 

The presented hydraulic simulation is followed up for each particle (candidate solution) (Fig. 2). 
In brief, for each particle the flow at pipes is determined with respect to the assumed hydraulic 
heads (Eq. 8) and thereafter the value of the objective function is calculated (Eq. 7), following that, 
the heuristic optimization procedure is activated. Since we have not constraints the fitness function 
of the PSO method is identical to the adopted objective function (here, f2). Therefore, the 
exploration rule is based on the values of the objective function.  

 

Figure 1. The looped pipe network under study.  

The final results of the total hydraulic heads, based on the mass balance equation at nodes, are 
199.03, 197.67, 195.41, 196.41, 197.12 m asl for the nodes 2, 3, 4, 5 and 6, respectively. The result 
is the same with Spiliotis and Tsakiris (2011), whilst the objective function after 3800 iterations is 
almost zero (Fig. 3). In fact, this means that for the produced solution the water balance equation at 
nodes is verified simultaneously whilst both the energy equation and the Colebrook White equation 
are also verified since they were used in the hydraulic simulation (through the combined form of 
Eq. 8). The number of the selected particles of the swarm is not large (50 particles). 

Alternatively, let us examine the cocontent approach based on the flux energy concept. The 
objective function is: 
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As mentioned above, it is easy to see that by partially differentiating the objective function with 
respect to each unknown hydraulic head the continuity equation for the corresponding node. For 
instance, indeed, the differentiating of the objective function with respect to hydraulic head at node 
4, leads the mass balance equation (continuity equation) at the same node 4: 

1 1
2 2

3 4 4 51
41 1

2 24 34 45
1 1
2 2

3 4 4 5
41 1

2 2
34 45

1 1 11 1 1 0
2 2 2

0

h h h hf q
h R R

h h h h
q

R R

− −∂ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + + + + + = ⇔⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

− −
+ − − =

 (17) 

An interesting perspective is also that of the elevation of the fictitious fixed ground node G does 
not influence the solution procedure. 

 

Figure 2. Simplified scheme of the interconnection between the hydraulic analysis and the used modified PSO 
optimization procedure. 

In case that the cocontent approach based on the energy flux is followed, the results of the total 
hydraulic heads after 5000 iterations, are 199.06, 197.73, 195.55, 196.52 and 197.19 m asl for the 
nodes 2, 3, 4, 5 and 6, respectively. As it can be seen from Fig. 3, although the achieved results 
approximate the equation of mass balance at node, the accuracy and the adaptability of the 
optimization process is less satisfactory than the cocontent approach based on the mass balance 
equation at nodes.  
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Even if the computational time is significantly smaller than the Newton-Raphson algorithm 
proposed by Spiliotis and Tsakiris (2011), according to the proposed two methods, there is no need 
to guess an initial solution vector at the region of the final solution. Furthermore, the problem of 
zero flow can be addressed easily. The second method is based on the cocontent objective function 
which checks the simultaneous validity of the mass balance equations at nodes, can be used for 
further investigation in case of pressure dependent model and in sensitivity analysis of the water 
distribution networks. 

 

Figure 3. The measure of the non validity (error function) of the mass balance equations at nodes with respect to the 
number of iterations in case of the first (flux energy, red colour) and the second (based on the mass balance equation, 

blue colour) examined approaches. 

8. CONCLUDING REMARKS 

Two effective methods in order to analyze the water distribution network are presented in this 
article. The first one is based on the principle that "flows in the pipes of a hydraulic network adjust 
so that the expenditure of the system energy is minimum" (Arora 1976). Based on the h-equations 
and the Darcy-Weisbach equation, the analysis can be achieved based on unconstrained 
optimization procedure within an uncontained heuristic optimization procedure. Alternatively, in 
this article, the use of a proposed measure which checks the simultaneous validity of the mass nodal 
equation is examined as objective function. Both methods are treated with the use of a modified 
PSO model in order to avoid the solution to be trapped at local optimum points. With the assistance 
of the hydraulic simulation for each particle, we lead to an unconstrained optimization problem and 
consequently the fitness function of the used PSO method is identical to the considered objective 
function. From the comparative analysis, the proposed method, which is based on the check of the 
simultaneous validity of the mass nodal equations at nodes, leads to better results of increased 
accuracy. This method could also be used for sensitivity analysis and for a more realistic 
investigation of the water distribution networks. 

ACKNOWLEDGEMENTS 

The author wishes to thank Dr. K. Papadopoulos for his assistance in the PSO method. 
Furthermore, the author wishes to thank Prof. V. Hrisanthou for his instructive comments. 

0 1000 2000 3000 4000 5000 6000
10-16

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

102

104

iteration

m
ea

su
re

 o
f t

he
 m

as
s 

ba
la

nc
e 

eq
  a

t n
od

es

 

 
solution based on the flux energy
solutionbased  on the mass balance eq  at nodes



56 M. Spiliotis 

 

REFERENCES 

Arora M.L, 1976. Flow split in closed loops expending least energy. Journal of the Hydraulics Division, 102: 455–458. 
Bhave, P. R., 1991. Analysis of Flow in Water Distribution Networks, Technomic Publishing, Lancaster, PA. 
Brkić, D., 2012. Discussion of “Water Distribution System Analysis: Newton-Raphson Method Revisited” by M. Spiliotis and G. 

Tsakiris. Journal of Hydraulic Engineering (ASCE), 138(9), 822–824. 
Colebrook, CF., White, CM., 1937. Experiments with fluid friction in roughened pipes. Proceedings of the Royal Society of London. 

Series A, Mathematical and Physical Sciences, 161(906): 367-81. 
Colebrook, CF., 1939. Turbulent flow in pipes with particular reference to the transition region between the smooth and rough pipe 

laws. Journal of the Institution of Civil Engineers (London), 11(4): 133-56. 
Collins, M. A., Cooper, L., Helgason, R. V. and Kennington, J. L., 1978. Solution of Large Scale Pipe Networks by Improved 

Mathematical Approaches," Technical Report IEOR 77016-WR-77O01, School of Engrg. and Applied Science, South Methodist 
Univ., Dallas TX. Methodist Univ., Dallas TX (1978). 

Cross, H., 1936. Analysis of flow in networks of conduits or conductors. Bulletin Number 286, Engineering Experiment Station, 
College of Engineering, Univ. of Illinois at Urbana-Champaign, Urbana, IL<http://hdl.handle.net/2142/4433>. 

Eberhart, RC. and Kennedy, J., 1995. A New Optimizer Using Particle Swarm Theory, Proceedings Sixth Symposium on Micro 
Machine and Human Science: 39–43. IEEE Service Center, Piscataway, NJ 

Giustolisi, O. and Todini, E., 2009. Pipe hydraulic resistance correction in WDN analysis. Urban Water Journal, 6(1): 39–52. 
Lansey, K., and Mays, L., 2000. Hydraulics of water distribution systems. In “Water Distribution System Handbook”, Mays L. (eds), 

McGraw – Hill. 
Larock, B., Jeppson, R. and Watters, G., 2000. Hydraulics of Pipeline Systems. CRS Press. 
Moosavian, N. and Jaefarzadeh, M.R., 2014. Hydraulic Analysis of Water Distribution Network Using Shuffled Complex Evolution. 

Journal of Fluids, Volume 2014, Article ID 979706, 12 pages, http://dx.doi.org/10.1155/2014/979706. 
Ostadrahimi, L., Mariño, M., Afshar, A., 2012. Multi-reservoir Operation Rules: Multi-swarm PSO-based Optimization Approach. 

Water Resources Management 26(2): 407-427. 
Pantokratoras, A., 2002. Water Distribution Networks, Educational Notes, Democritus University of Thrace, Xanthi, Greece (in 

Greek). 
Papadopoulos, Κ., Papagianni C., Gkonis P., Venieris I. and Kaklamani D., 2011. Particle Swarm Optimization of Antenna Arrays 

With Efficiency Constraints. Progress In Electromagnetics Research M, 17, 237-251. 
Parsopoulos, K.E., Vrahatis, M.N., 2002. Recent Approaches to Global Optimization Problems through Particle Swarm 

Optimization, Natural Computing, 1 (2-3): 235-306.  
Poli, P., Keenedy, J., Blackwell, T., 2007. Particle swarm optimization. Swarm Intelligence 1(1): 33-57. 
Salehizadeh, SMA., Yadmellat, P., Menhaj, MB., 2009. Local Optima Avoidable Particle Swarm Optimization. In: IEEE Swarm 

Intelligence Symposium, Nashville, TN, USA. 
Shamir, U. and Howard, Ch., 1968. Water distribution system analysis. Journal of Hydraulic Engineering, 94: 219 -234. 
Shi, Y.and Eberhart, R.C. 1998. A modified particle swarm optimizer. Proceedings of IEEE International Conference on 

Evolutionary Computation. pp. 69–73. 
Spiliotis, M. and Tsakiris, G., 2011. Water distribution system analysis: The Newton – Raphson method revisited. Journal of 

Hydraulic Engineering 137(8): 852-855 
Spiliotis, M. and Tsakiris, G., 2012. Closure in " Water distribution system analysis: The Newton-Raphson method revisited. Journal 

of Hydraulic Engineering (ASCE) 137(8): 824 - 826  
Spiliotis, M. and G. Tsakiris, G., 2013. Closure to “Water Distribution System Analysis: Newton-Raphson Method Revisited” M. 

Spiliotis and G. Tsakiris. Journal of Hydraulic Engineering 139(8): 918-919 
Swamee, P.K. and Jain, A.K., 1976. Explicit equations for pipe-flow problems. Journal of the Hydraulics Division, 102 (5): 657–664. 
Tabesh, M., Tanyimboh, T. and Burrows, R., 2002. Head-driven simulation of water supply networks. International Journal of 
Εngineering, Transactions A: Basics 15(1): 11-22.  

Todini, E. and Pilati, S., 1988. “A gradient algorithm for the analysis of pipe networks.” In “Computer applications in water supply”, 
B. Coulbeck and Chun-Hou Orr (eds.), 1-20, Wiley Research Studies Press. 

Tsakiris, G and Spiliotis, M., 2014. A Newton–Raphson analysis of urban water systems based on nodal head-driven outflow. 
European Journal of Environmental and Civil Engineering,18(8): 882-896. 

Wood, D.J. and Charles, C., 1972. Hydraulic network analysis using linear theory. Journal of the Hydraulic Division, 98(7): 1157- 
1170. 

 
 


