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Abstract:  This paper proposes a fuzzy version of the Streamflow Drought Indices (SDI) for the overlapping periods of 3, 6, 9 
and 12 months within an examined hydrological year. SDI is based on the cumulative streamflow volume and is 
analogous to Standardized Precipitation Index (SPI). According tothe methodology of fuzzy estimators, standard 
deviation and mean value for each reference period of the historical sample are considered as fuzzy variables. Fuzzy 
estimators may be perceived as a hybrid fuzzy-statistical approach by which all the statistical information regarding 
mean value and standard deviation is used. Hence, algebraic operations among fuzzy sets can be performed by 
utilizing the extension principle of the fuzzy sets and α-cuts. As far as classification of hydrological drought is 
concerned, a fuzzy measure is proposed in order, for the degree of inclusion of the fuzzified SDI to a crisp interval, 
which expresses the region of each drought category, to be defined. The study under consideration, in which the 
proposed method was successfully applied, is the transboundary Evros River. 
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1. INTRODUCTION 

Drought is a natural disaster affecting environmental and anthropogenic systems. It is a recurrent 
extreme hydrological event characterizing the climate and climate-related parameters of an area 
(Tsakiris and Vangelis, 2005). During a drought event, the water availability of the system is 
severely reduced and remains below normal conditions for a significant time period and over a large 
area (Nalbantis and Tsakiris, 2009, Spiliotis et al., 2016b). Thus, it must be considered not as an 
absolute but as a relative condition (Wilhite et al., 2014). The three aspects characterizing droughts 
are intensity, duration, and areal extent. The precise assessment of these parameters is complicated. 
Furthermore, it is also complicated to assess drought impacts, which are commonly perceived 
several months after the occurrence of the drought. This is due to the slow progress of the 
phenomenon and because its onset and end cannot be determined accurately. The above mentioned 
highlights the creeping nature of drought. Apart from this creeping trend, drought has different 
attributes, compared to other natural extreme events, such as its wide spatial spread and a difficulty 
in detecting the system’s recovery (Hao et al., 2016). 

This paper studies hydrological drought, meaning an abnormal reduction in water availability 
caused by meteorological perturbations propagated through the land phase of the hydrological cycle 
(Peters et al., 2006; Nalbantis and Tsakiris, 2009; van Loon and Laaha, 2015). 

Among various approaches, drought indices are widely used for the analysis of hydrological 
drought. More precisely, drought severity can be assessed by means of the standardized drought 
indices, which are simple and comparable indices. The latter are also used to classify hydrological 
drought. Their standardization indicates their probabilistic and statistical background. An additional 
probabilistic and statistical analysis of hydrological drought was carried out recently. This analysis 
is based on copulas approach in which different drought characteristics following different 
probabilistic distributions, such as severity and duration, are simultaneously taken into account with 
respect to the analysis and classification of hydrological drought (e.g. Kutchment and Demidov, 
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2013; Tsakiris et al., 2016; Zhao et al., 2017). However, drought indices are simpler in 
computational use than the copulas formula. Despite the high number of these indicators, there is 
still a need for developing new or improving the existing ones. Detecting and assessing the severity 
of the drought constitute constant and important incentives for researchers as well as technological 
developments that provide more accurate data and new needs for professionals, e.g. in the field of 
water management. 

Generally, drought indices, such as Palmer Hydrological Drought Index (PHDI) or Surface 
Water Supply Index (SWSI), are data demanding and computationally intensive (Nalbantis and 
Tsakiris, 2009). The SWSI index (Shafer and Dezman, 1982) integrates, in a single value of one 
indicator, historical data with current river flow values, stored water in reservoirs and rainfall at 
high altitudes (Wilhite and Glantz, 1985). Furthermore, several drought indices belong to the group 
of standardized indicators that use the same principle as the Standardized Precipitation Index 
proposed by Mackee (1993). For instance, the calculation procedure of the Standardized Runoff 
Index (SRI) (Shukla and Wood, 2008) is similar to SPI fitting a distribution to the data and 
transforming it into a normal distribution, although using simulated runoff (van Loon, 2015). 
Drought Frequency Index (DFI) is a drought index that uses a purely probabilistic procedure 
focused on the origin of the drought. DFI is related to the mean frequency of recurrence of 
persistent extreme events (Gonzales and Valdes, 2006). From a water quantity perspective, 
streamflow is the most significant variable (Nalbantis and Tsakiris, 2009) since it may be regarded 
as a representative position of a hydrologic system in a scale of river basin (or sub-basin), where 
rainfall is transformed to runoff. 

It should be clarified in general that there is not a direct relation between the precipitation 
amounts and the status of surface and subsurface water supplies in lakes, reservoirs, aquifers, and 
streams (Wilhite et al., 2014) because of the spatial heterogeneity and the physical complexity of 
the hydrologic system. Moreover, these water bodies are used for multiple and competing man-
made uses, a fact complicating simulation (Spiliotis et al., 2016a). Primarily, there is a considerable 
time lag between the precipitation shortage and its impact on the regime of water availability. There 
is also a time lag of recovery for the water bodies because of the long recharging periods of surface 
and subsurface water supplies (Wilhite et al., 2014). In their research, Lorenzo-Lacruz et al. (2013) 
and Barker et al. (2016) associate SPI and Standardized Streamflow Index (SSI) (Vicente-Serrano et 
al., 2012), in order to assess this delayed response. In another study, Tigkas et al. (2012) relate the 
Streamflow Drought Index (SDI) to the Reconnaissance Drought Index (RDI) (Tsakiris et al., 
2007), with regard to various accumulation periods. Streamflow Drought Index (SDI) suggested by 
Nalbantis and Tsakiris (2009) is a comprehensible and simple hydrological drought index whose 
calculation procedure is also similar to SPI. 

In the current study, a fuzzy version of the SDI is suggested for analyzing and classifying the 
hydrological drought. As shown below, the SDI utilizes the unbiased mean value and standard 
deviation of the cumulative streamflow volume of the historical data. Estimating the 
aforementioned statistical variables has a degree of uncertainty as to whether the sample values 
sufficiently represent the population values (sampling error). At this point, fuzzy estimators’ 
methodology is inserted in order to incorporate this inherent uncertainty. Hence, in contrast to the 
existent methodology of SDI, the statistical parameters are considered as fuzzy numbers and not as 
crisp ones. Consequently, the examined hydrological drought index will be a fuzzy number instead 
of a crisp quantity. This is achieved by using a hybrid fuzzy-statistical approach. It should be noted 
that in contrast to the research of Spiliotis et al. (2018) and Papadopoulos et al. (2019), the method 
proposed here does not require any hypothesis concerning the probability distribution function of 
the examined hydrological variable (here the streamflow).The proposed method can be used in 
cases where either the widely-used theoretical probability distributions don’t have satisfactory 
fitting or the proposed fuzzy methodology by Papadopoulos et al. (2019) to fit the theoretical 
probability distribution with fuzzy parameters leads to high uncertainty. In addition, the proposed 
method seems simpler given that the selection of the theoretical probability function is avoided. 

Based on the row data, SD Indices are examined in several reference periods of the hydrological 
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year, while the research of Spiliotis et al. (2016a) and Spiliotis et al. (2019) focus their analysis 
exclusively on the annual SDI. Another main difference between the current study and Spiliotis et 
al. (2016a) research is that a fuzzy measure is suggested in order to classify the drought episodes 
into a-priori established drought categories. Thus, according to the suggested measure, the 
hydrological drought index is compared with the total area included between the thresholds of the 
examined drought category. 

2. STREAMFLOW DROUGHT INDEX  

The hydrological variable analyzed by the SDI is the Cumulative Volume of Streamflow (CVS) 
for discrete reference periods within ahydrologicalyear. Initially, the monthly CVS Qi,j is estimated, 
where i denotes the hydrological year and j the examined month. 

Based on this series, the CVS is obtained for each reference period: 
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where Vi,k is the cumulative streamflow volume for the i-th hydrological year and the k-th reference 
period, k = 1 for October-December, k = 2 for October–March, k = 3 for October–June, and k = 4 
for October–September (Nalbantis and Tsakiris, 2009). 

Consequently, the examined SDI is calculated for each reference period k of the i-th hydrological 
year by the following algebraic expression: 
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where kV  and ks  are, respectively, the unbiased estimation of the mean and the standard deviation of 
cumulative streamflow volumes for reference period k. 

Τhe categorization of the hydrological drought by means of indices is a widely used practice. 
Nalbantis and Tsakiris (2009) suggested thresholds similar to those of the meteorological drought, 
which are based on discrete SPI values (e.g. Angelidis et al., 2012). Mathematically speaking, these 
thresholds (Table 1) correspond to critical z-values which measure the distances between the row 
scores (observations) and the mean in terms of standard deviation units. Thus, the hydrological 
regime can be described by the use of a simple algebraic index, which allows for comparison 
between different samples. 

 
Table 4. Drought categories for characterizing hydrological drought based on discrete SDI values. 

Category Description Criterion 
0 Non-drought SDI ≥ 0.0 
1 Mild drought -1.0 ≤ SDI < 0.0 
2 Moderate drought -1.5 ≤ SDI < -1.0 
3 Severe drought -2.0 ≤ SDI < -1.5 
4 Extreme drought SDI < -2.0 

 
As already mentioned, the mean value and standard deviation of a historical sample do not 

coincide with the corresponding statistical parameters of a reference population. Furthermore, in 
many cases, there are no long-term data, and hence, the ambiguity of the estimation must be 
incorporated within the assessment of the mean value and the standard deviation. Consequently, by 
using the aforementioned (crisp) unbiased estimators, this vagueness creeps into the SDI values. 
This is a downside of the conventional SDI methodology. 

These shortcomings of the conventional SDI can be overcome by combining the principles of 
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fuzzy logic and sets with the confidence intervals of statistical theory. Therefore, a hybrid fuzzy-
statistical approach is used, and thus, the mean and standard deviation are assessed as fuzzy 
numbers. Then, according to fuzzy algebra, simple calculations among fuzzy numbers can be 
performed in order to calculate the (fuzzified) SDI. Besides, drought classification is achieved by 
comparing the fuzzified SDI with the categories of drought as described in Table 1. For this 
purpose, a fuzzy measure is suggested in order to classify the CVS into the a-priori established 
drought categories. It is worth noting that, from a mathematical perspective, an interesting point is 
the comparison between the crisp interval (drought category) and a fuzzy number (fuzzified SDI). 
In this study, we keep the crisp definition of the drought categories as presented in Table 1. 

3. FUZZY ALGEBRA, FUZZY ESTIMATORS AND FUZZIFICATION OF THE SDI 

3.1 Algebraic operations of fuzzy sets 

Although a relatively new approach, fuzzy logic is applied in various scientific fields and used 
for different topics. One advantage of the fuzzy sets and logic approach is its ability to incorporate 
the uncertainty through the analysis. Fuzzy tools can work as autonomous (e.g. a set of fuzzy rules 
based on the Mamdani approach; e.g. Tayfur and Brocca, 2015) or hybrid methods, in which the 
fuzziness can be incorporated through the analysis. A fuzzy set A  is a mapping from X into the 
closed interval [ ]0,1 . 

A  is convex on X if and only if [ ]0,1t∀ ∈  and 1 2,x x X∈ ; it holds: 

{ }1 2 1 2( (1 ) ) min ( ), ( )tx t x x xµ µ µ+ − ≥  (3) 

where ( )xµ  the (membership) function that denotes the degree of membership of the element x in 
the fuzzy set A . 

A  is a normal set iff, x X∃ ∈  such that ( ) 1xµ = . The α-cuts [0,1]α ∈ of a fuzzy set A  are crisp 
sets defined as follows: 

{ }: ( )AA x X xα µ α= ∈ ≥


  (4) 

In the case of the 0-cut, the above Equation (4) holds without the equality and that means that all 
the elements of the general set X which have a membership function greater than zero, are included 
in the zero-cut. 

A fuzzy number A  on   is a normal and convex fuzzy set, with its zero-cut (the support of A ) is 
being bounded (Klir and Yuan, 1995). It is proved that a fuzzy number can be described by the 
following membership function ( )xµΑ : 

( )
( )

( )

1

1 2

2 3

3 4

4

0        
    

1    
    

0       

L

A

R

for x
x for x

x for x
x for x

for x

α
α α

µ α α
α α

α

<
Α ≤ ≤
= ≤ ≤
Α ≤ ≤
 >



 (5) 

where [ ] [ ]1 2: , 0,1L aαΑ →  and [ ] [ ]3 4: , 0,1R aαΑ →  are the left and right-hand sides, respectively, 

of the membership function of a fuzzy number A . Particularly, the first branch (AL) is increasing 
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and continuous from the right function, whilst the second branch (AR) is decreasing and continuous 
from the left function. The interval [α2, α3] can be an interval or a point but cannot be an empty set. 

There are many types of fuzzy numbers. In this study L-R fuzzy numbers are used. The basic 
idea of the L-R fuzzy numbers is to split the membership function ( )xµΑ

 (Equation 6) of a fuzzy 

number A  into two curves AL(x) and AR(x) at the left and right of the modal value a2 (Figure 1). 
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According to Hanss (2005), the properties of the functions ( )LA u  and ( )RA u , are as follows: 
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where u denotes the ratio included into the brackets of the two curves AL(x) and AR(x). 

 

Figure 1. A typical shape of a L-R fuzzy number. 

Another commonly used type of fuzzy number is the symmetric triangular fuzzy number which 
is a special kind of a L-R fuzzy number. In these fuzzy numbers, the two curves, at the left and the 
right of the modal value a2, are linear functions. Additionally, the distance between a1 and a2 (semi-
spread) and that between a2 and a3 are equal and thus modal value is called central value. Trapezoid 
fuzzy number is another regularly used kind of fuzzy number. In fact, it is a sub-type of a L-R fuzzy 
interval in which more than one element x has the membership function equal to unit. 

In this article the membership function is built on the basis of the confidence interval regarding 
the mean value and the standard deviation, therefore a continuous non linear shape is produced and 
consequently the applied fuzzy numbers belong to L-R fuzzy numbers. 

Let us consider now the fuzzy numbers A  and B  and let * denotes any of the four basic 
arithmetic operations. Then, a fuzzy number A ∗ B  can be defined, by its α-cuts, as: 

[ ]( *B) A* B, 0, 1α α α αΑ = ∀ ∈    (8) 
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Since the α-cuts are crisp intervals, the properties of interval arithmetic are utilized for the 
performance of binary arithmetic operations between the α-cuts. Below, division and subtraction are 
represented according to fuzzy algebra. 

[ ] [ ] [ ]a,b , ,c d a d b c− = − −  (9) 

[ ] [ ] [ ] 1 1a,b / , a,b ,c d
d c
 = ⋅   

 (10) 

[ ] [ ] ( ) ( )a,b , min ,a , , ,  max ,a , ,c d ac d bc bd ac d bc bd′ ′ ′ ′ ′ ′ ′ ′ ′ ′⋅ =     (11) 

Finally, based on the composition theorem and the axiomatic properties of the fuzzy union (Klir and 
Yuan, 1995), all the α-cuts of the fuzzy number A ∗ B  are obtained (e.g. Tsakiris and Spiliotis, 2014). 

( )* *αΑ Β = ∪ Α Β    (12) 

In fact, a significant discrete number of α-cuts is selected, and thus, by using Equation (9) and 
Equation (10), subtraction and division between fuzzy numbers can be effectively approximated 
(Spiliotis et al., 2016a). 

3.2 Fuzzy estimators 

The mathematical methodology of fuzzy estimators translates the statistical information in terms 
of fuzzy sets andenables the application of arithmetical operations via fuzzy sets. In brief, the 
unbiased estimator of the mean value and standard deviation are transformed from crisp numbers to 
fuzzy numbers. 

This methodology, as initially suggested by Buckley (2005), is based on a simple transformation 
of a 1-γ confidence interval to α-cuts, thus linking the statistics to fuzzy approach. Subsequently, the 
α-cuts of the fuzzy estimator of the sample mean value ( x ) can be estimated for a given 1-γ 
confidence interval of the population mean (μ) by the following mathematical expression: 
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where x  is the unbiased (crisp) mean value of the sample, n represents the length of the sample, σ 
is the unbiased (crisp) standard deviation and z is the normal random variable. The values of the 
statistical parameter γ range between (0, 1). Parameter γ can take neither the zero value nor the unit 
because of the asymptotic behaviour of the normal probability distribution function. 

Therefore, a constant part of the function between [0, γ) is created in order for the support set 
(zero-cut) of the fuzzy mean to be bounded. For this purpose, another class of fuzzy estimators, 
called Non-Asymptotic Fuzzy Estimators (NAFE), is suggested in which the constant part can be 
avoided by introducing an auxiliary function h(a). It should be clarified that even if zero-cut 
remains the same, the use of function h leads to a smoother and continuous membership function 
comparedto the Buckley approach (2005). In the current study, among different functions h(a), the 
linear function h(a) (linear NAFE) is adopted. More information can be found in Chrysafis and 
Papadopoulos (2009) and Sfiris and Papadopoulos (2012 and 2014). 

Proposition: Let 1 2, ,..., nΧ Χ Χ  be a random sample and 1 2, ,... nx x x  be values assumed by the 
sample. Let also (0,1)γ ∈ . If the sample size is large enough, then: 
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where ( ) xµ  is the membership function of the fuzzy mean. Hence, its support set is exactly the 1-γ 
confidence interval and all its α-cuts are closed intervals estimated by the following equation: 

( ) ( ) [ ]( ) , , 0, 1h a h ax x n z x n z aαµ σ σ = − ⋅ + ⋅ ∀ ∈   (15) 

where 

( ) ( )1 , :[0,1] ,0.5 , (0,1)
2 2 2 2

h a h aγ γ γ γα     = − + → ∀ ∈        
 (16) 

and 

( ) ( )( )1 1hz hα α−= Φ −  (17) 

and Φ is the cumulative distribution function of the well-known standard normal distribution (Sfiris, 
and Papadopoulos, 2014). Regarding the values of γ, Papadopoulos and Sfiris (2012) proposed the 
use of the widely-used thresholds of the statistics, γ=0.1 and γ=0.05. The value γ=0.2 was selected 
for illustration purposes. 

It is mentioned that if the sample size is not large enough (n≤30) and the standard deviation is 
unknown then instead of the standardized normal distribution, t-Student distribution is used in order 
to determine the α-cuts of the mean value. Hence, in this study, the α-cuts of the mean value are 
calculated based on the t-Student distribution (as a more general case) as follows: 

( ) ( ) [ ]1; 1;( ) , , 0, 1n nh a h ax x n t x n t aαµ σ σ− −
 = − ⋅ + ⋅ ∀ ∈   (18) 

where h(α) is the auxiliary linear function as described in Equation (14) and 
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Proposition: Let 1 2, ,..., nΧ Χ Χ  be a random sample and 1 2, ,... nx x x  be values assumed by the 
sample. Let also (0,1)γ ∈ . If the sample size is large enough, then it holds: 
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 (20) 

where 2 ( )xσ  is the membership function of the fuzzy variance whose support set is exactly the 1-γ 
confidence interval for 2σ  and all its α-cuts (0≤α≤1) are closed intervals expressed as follows 

https://en.wikipedia.org/wiki/Cumulative_distribution_function�
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(Chrysafis and Papadopoulos, 2009 and Spiliotis et al., 2016a): 
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where 

( )( )2 1
1; ( ) 1n h a F h aχ −
− = −  (22) 

in which F is the cumulative probability distribution of the chi-square function with n-1, degree of 
freedom, and n is the size of the sample (Sfiris and Papadopoulos, 2014 and Spiliotis et al., 2016a). 

3.3 Calculation of the fuzzified SDI 

As aforementioned, the use of the fuzzy transformation of the mean value and standard deviation 
through fuzzy estimators enables us to apply several algebraic operations. The SDI contains simple 
algebraic operations including the mean value and standard deviation which are difficult to be 
implemented when the usual probabilistic approach is used. Briefly, the calculation of the fuzzified 
SDI is achieved by the following steps: 

1) Based on the historical sample, the unbiased mean value and standard deviation of the CVS 
are estimated for each reference period k. The sample can be composed of three, six, nine and 
twelve months of CVS. 

2) By combining Equations (18) and (21), the mean value and standard deviation, in terms of α-
cuts, are designated for a selected degree of confidence, 1-γ. 

3) For a discrete number of α-cuts, the difference between the current CVS and the mean value 
for the same reference period k, ,i k kV V−   is calculated. Since the current ,i kV  is a crisp value, 
it holds: 

   ( ) ( ) ( ) [ ], , 1; , 1;( ) , , 0,1i k k i k k k n i k k k nh a h aV V x V V n t V V n t a
α

σ σ− −
 − = − − ⋅ − + ⋅ ∀ ∈ 

  (23) 

4) Based on Equations (10) and (11) for the same α-cuts with the previous step, the α-cuts of the 
division between the fuzzy sets ( ),i k kV V−  and the σ  are computed correspondingly 

(fuzzified SDI). 
 
Subsequently, the final problem is the comparison between the fuzzified SDI and the drought 

categories (Table 1). In fact, the drought categories can be seen as crisp intervals. This topic is 
addressed in the next section. 

4. COMPARISON BETWEEN THE FUZZIFIED SDI AND THE PREDEFINED 
DROUGHT CATEGORIES 

As indicated above, the classification of the hydrological drought is based on the comparison 
between the fuzzified SDI and the crisp intervals characterizing the examined predefined drought 
category (Table 1). Unfortunately, the comparison between two fuzzy numbers is an open question, 
whilst several measures have been proposed for this purpose (e.g. Chen and Hwang, 1992). At this 
point, it should be clarified that the comparison term may describe several concepts as the inclusion, the 
similarity, the greater or smaller, etc. There are therefore several measures counting the degree of 
subsethood, similarity and the measure of order. In this study, a measure of subsethood (inclusion) is 
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developed in order to describe the degree according to which the fuzzified SDI belongs to the crisp 
interval characterizing each drought category. 

Initially, Zadeh (1965) defined the concept of inclusion as: the fuzzy set B  contains a fuzzy set A  if 
it holds: ( ) ( ) ,A x B x x X≤ ∀ ∈  , where X is the universal set. Since the above definition is a rigid 
approach, Kosko (1986) suggested that if this inequality holds not for all but just a few x, one can still 
consider to some degree A  as a subset of B . He then generalized Zadeh's definition and this resulted to 
the following subsethood measure, first defined by Sanchez (1977) (Young, 1996): 

( ) ,
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 (24) 

where A  is the cardinality of the fuzzy set A . In general, this measure can be defined 
axiomatically. Here, cardinality is calculated through the following widely used measure for no 
finite fuzzy set: 

( )A x dxµ
+∞

Α−∞
= ∫  (25) 

In the current case study, we compare the membership function, ( )
j

C sdi , which represents the 
range of the examined category j, with the produced fuzzified SDI: 
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The extreme categories C0, C4 are defined similarly. However, since, according to Table 1, a 
crisp classification of the hydrological drought is adopted, the membership function ( )

j
C sdi  takes 

the values of either one or zero, as in the case of the crisp sets (Figure 2): 

11      if 
( )

0j

j jthr sdi thr
C sdi

otherwise
−≤ ≤

= 


  (27) 

where thrj is the bound (threshold) of drought category j. 
According to the boundary condition of the axiomatic definition for the fuzzy intersection (e.g. 

Klir and Yuan, 1995), it holds: 

( ) , ,1 (sdi) (sdi)i k i kSDI SDI∩ =  (28) 

Based on Equation (27), let us now consider two thresholds thrj and thrj-1 (e.g. Table 1) and the 
fuzzy  ,i kSDI  of the year i for the reference period k. Based on Equation (26), the degree according 
to which the examined  ,i kSDI  belongs to the examined class of drought, is calculated as follows: 
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Therefore, the above definition (Equation 29) is compatible with Equation (26), based on the 
boundary condition of the fuzzy intersection (Equation 28). 

 

Figure 2. Classification of the hydrological drought states (drought categories). 

The numerator of the proposed measure expresses the area included between the thresholds of 
the examined drought category and the membership function of the SDI. The denominator is the 
entire area defined by the membership function. In other words, it could be argued that the jC  

expresses the proportion of the area of the fuzzy  ,i kSDI  included among the thresholds of category j. 
Therefore, the classification of  ,i kSDI  results from the highest value of jC  (Figure 3). 

A similar approach from another point of view can be found in Jimenez et al. (2007) who 
suggested a method to compute the satisfaction degree of a fuzzy goal G by a fuzzy number. This 
comparison can be seen as a measure of inclusion. Hence, from a mathematical point of view, the 
proposed measure deals with the inclusion of a fuzzy number (SDI) to a crisp interval (region of 
each drought category). 

 

Figure 3. The fuzzified SDI  is classified between thr-1.5 and thr-1. 

An interesting point of the proposed measure is that the sum of all the (proposed) classification 
indices Cj, as far as the same hydrological year is concerned, must be equal to one: 
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Let us also consider two thresholds thrj-1 and thrj (e.g. Table 1) and the fuzzy  ,i kSDI  of the year i 
for the reference period k. If the whole fuzzified  ,i kSDI  belongs to the examined category (Figure 
4), then it is obvious that the proposed measure equals one. 

 

Figure 4. The fuzzified  ,i kSDI  is included only in one examined drought category. 

It should be clarified that since in our case study we use a crisp interval to describe each drought 
category, there is no compensation between the score of the membership functions for both the SDI 
and the examined category. It is stressed that the proposed measure of inclusion functions when we 
compare a fuzzy quantity with a crisp interval. The proposed measure of inclusion can not be seen 
as a measure of similarity since, for instance, if the entire fuzzy number, which expresses the  ,i kSDI  
belongs to a crisp interval (which describes a drought category), then the measure of inclusion is 
equal to unity even if a small area of the crisp interval was occupied by the fuzzified  ,i kSDI  (e.g. 
Figure 4). 

5. CASE STUDY 

Data of mean monthly streamflow of Evros River (Maritsa or Meric as named in Bulgaria and 
Turkey, correspondingly) are analyzed. The data are based on daily river stage records at the 
position of the Pythio’s bridge which were recorded by a water level gauge belonging to the Region 
of Eastern Macedonia and Thrace. Angelidis et al. (2010) transformed the daily river stage records 
to daily discharges in order to develop a management tool for flood protection. Pythio is located 
near the border station between Greece and Turkey in the northeastern Evros region in Greece. The 
village lies on the bank of Evros River while the sampling location is considered a representative 
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position of the entire river basin, extending for up to 53.000 km2. Most of the drainage basin 
(=66%) is occupied by the Bulgarian territory and almost 28% of the total area lies in Turkey, while 
Greece holds 6% of the river basin. Evros River is also one of the longest rivers of the Balkan 
Peninsula. It originates in western Bulgaria, in Rila Mountains, and its average slope is 
approximately 0.77% (Figure 5). After crossing the Bulgarian-Greek borders, Evros River flows 
south until it reaches the Aegean Sea delimiting naturally, by this way, Greece and Turkey 
(Angelidis et al., 2010). 

Firstly, the annual fuzzified SDI is studied. As mentioned before, for the calculation of the 
annual fuzzy SDI (for reference period k=4), the following steps are enabled: 

1) Based on the monthly streamflow records, the annual CVS are computed and afterwards the 
unbiased mean value and standard deviation are estimated:  
( )6 3 6 3

4 4  8841.1 10 , s = 4477.3 10V m m= ⋅ ⋅ . 
2) For a discrete number of α-cuts, the unbiased estimators of the first step are determined with 

respect to the Equations (18) and (21). This procedure can be performed for any degree of 
confidence 1-γ. In this study, three values of the parameter γ are selected (γ =0.05, γ=0.2 and 
γ=0.1). Τhe fuzzy shape of the NAFEs of the annual CVS is illustrated in Figures 6 and 7. For 
illustration purposes, the asymptotic fuzzy mean based on the initial Buckley’s method in the 
case of standardized normal distribution (Equation 11) is also presented (Figure 8). It is 
mentioned that the support set (zero-cut) of both the non-asymptotic and asymptotic fuzzy 
estimator of the mean is identical. Nevertheless, the NAFE of the mean adopted in this study 
leads to a smoother shape of the membership function than the corresponding one of 
Buckley’s method (2005). 

3) By utilizing the arithmetic intervals, the difference between ,4 4iV V−   is calculated for a 
discrete number of α-cuts. 

4) As aforementioned, the quotient of the above difference and the fuzzy standard deviation is 
computed (for γ = 0.2, 0.1, 0.05), and this represents the fuzzified SDI. 

5) The fuzzified  ,i kSDI  is compared with each drought category based on Equation (29) (Table 
2). 

 

Figure 5. Transboundary Evros River, its tributaries, and its basin. The mean monthly discharges transformed to CVS 
were measured at Pythio's bridge downward of Edirne's city (from Angelidis et al., 2010) 
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Figure 6. Non-asymptotic fuzzy estimator (NAFE) regarding the mean annual cumulative discharge for γ=0.05. 

 

Figure 7. Non-asymptotic fuzzy estimator (NAFE) regarding the standard deviation of the annual cumulative discharge 
for γ=0.05. 

 

Figure 8. Fuzzy estimator regarding the mean annual cumulative discharge for γ=0.05 (based on the Buckley’s 
method). 

As presented above, from a mathematical point of view, the suggested measure deals with the 
inclusion of a fuzzy number (SDI) to a crisp interval (region of each drought category). The 
comparison (as inclusion) takes place separately for each hydrological year and drought category. 
However, the total sum of the (proposed) classification indices Cj for the same hydrological year 
must be equal to one (Table 2). 

As it can be easily observed in Table 2, within the historical sample, there are some notably wet 
years, whilst the majority of the dry years can be characterized as years of mild drought. However, 
some can be classified as years between mild and moderate drought. It is worth mentioning that the 
classification of hydrological drought presented in Table 2 is similar to the results of Papadopoulos 
et al. (2019) research, in which the majority of hydrological years are also classified into the mild 
drought category. In the aforementioned study, the uncertainty resulted by the coupling between 
empirical and probability distributions is incorporated through a hybrid fuzzy frequency factor-
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based methodology, in which finally, cumulative streamflow values are compared with fuzzy 
drought thresholds. 

 
Table 2. Classification of drought based on the annual fuzzified   SDI! . 

 Description Non-
drought 

Mild 
drought 

Moderate 
drought 

Severe 
drought 

Extreme 
drought   

 Category 0 1 2 3 4 Sum Classification 

H
yd

ro
lo

gi
ca

l y
ea

rs
 

1985-’86 0.0018 0.9928 0.0054 ̶ ̶ 1.0000 Mild drought 
1986-’87 0.0146 0.9850 0.0004 ̶ ̶ 1.0000 Mild drought 
1987-’88 0.0300 0.9700 ̶ ̶ ̶ 1.0000 Mild drought 
1988-’89 ̶ 0.9456 0.0544 ̶ ̶ 1.0000 Mild drought 
1989-’90 ̶ 0.7738 0.2211 0.0051 ̶ 1.0000 Mild drought 
1990-’91 0.0121 0.9863 0.0016 ̶ ̶ 1.0000 Mild drought 
1991-’92 ̶ 0.9299 0.0701 ̶ ̶ 1.0000 Mild drought 
1992-’93 ̶ 0.8075 0.1910 0.0015 ̶ 1.0000 Mild drought 

1993-’94 ̶ 0.3996 0.5227 0.0777 ̶ 1.0000 Moderate 
drought 

1994-’95 0.2311 0.7689 ̶ ̶ ̶ 1.0000 Mild drought 
1995-’96 1.0000 ̶ ̶ ̶ ̶ 1.0000 Non-drought 
1997-’98 1.0000 ̶ ̶ ̶ ̶ 1.0000 Non-drought 
1998-’99 1.0000 ̶ ̶ ̶ ̶ 1.0000 Non-drought 
1999-’00 0.0003 0.9886 0.0111 ̶ ̶ 1.0000 Mild drought 
2000-’01 ̶ 0.7253 0.2640 0.0107 ̶ 1.0000 Mild drought 
2001-’02 ̶ 0.8242 0.1743 0.0015 ̶ 1.0000 Mild drought 
2003-’04 0.1876 0.8124 ̶ ̶ ̶ 1.0000 Mild drought 
2004-’05 1.0000 ̶ ̶ ̶ ̶ 1.0000 Non-drought 
2005-’06 1.0000 ̶ ̶ ̶ ̶ 1.0000 Non-drought 
2006-’07 0.0003 0.9892 0.0105 ̶ ̶ 1.0000 Mild drought 

 
Additionally, as indicated in Table 2, the characterization of the hydrological system in 1993-’94 

is less definite than the rest of the years since    SDI! '93−'94,4  extends considerably to three categories 
(Figure 9). This is the only hydrological year marginally characterized as moderate drought year 
since the value of 2C  measure (between the thresholds -1.5 and -1) is equal to 0.5227. Almost all of 
the other years are characterized as mild drought years. There are also five years (1995-’96, 1997-
’98, 1998-’99, 2004-’05 and 2005-’06) in which the values of fuzzy    SDI! i,4  are positive and that 
means that these hydrological years may be characterized as non-drought years. 

The bigger the fuzziness is, the larger are the values of confidence interval (1-γ) as concluded 
after several computational efforts by the authors. Indeed, as obviously shown in Equations (18) and 
(21), if the confidence interval (1-γ) is increased, then the fuzziness of the mean value and standard 
deviation is increased, and hence, via the extension principle, it is concluded that the fuzziness of 
the SDI ratio is increased (Figure10). An interesting point is that the vagueness of the annual    SDI! i,4  
is increased for both significant wet and significant dry years. Indeed, based on the Equations (9)-
(11), it is proved (APPENDIX B) that when the numerator of the SDI ratio increases in terms of 
absolute value then the fuzziness increases. It should be also noted that the central values of the 
fuzzy    SDI! i,4  are identical to the values of the crisp SDIi,4 (Figure 11). 

Further, important findings could result regarding the intensity of drought during the examined 
year. For this purpose, the values of the fuzzy    SDI! i,k  were examined for all the reference periods of 
the year k=1,2,3 (Figure 12). For instance, a moderate drought year (1993-’94) and a non-drought 
year (2004-’05) were chosen (Figures 13 and 14). 

According to the inclusion measure, the annualized    SDI! '93−'94,4  belongs to the moderate drought 
category (Table 2). However, this conclusion is differentiated when it comes to the values of all the 
other reference periods of the year, in which the   SDI!  belongs to the mild drought category (Table 
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3, Figure 13). That means that the hydrological regime was worsening during the examined 
hydrological year. 

 

Figure 9. Graphical representation of the calculated fuzzy annual SDI during 1993-'94 and the examined drought 
(crisp) categories. 

 

a)  

b)  

c)  

Figure 10. The fuzzified    SDI! i,4  indices for a) γ=0.2, b) γ=0.1, c) γ=0.05. 
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Figure 11. Historical sequences of the fuzzified and crisp values considering the annual SDI for γ=0.05. 

On the contrary, according to the   SDI! , the first three months of the hydrological year 2004-’05 
can be characterized as a period of mild drought. However, in the rest of the reference periods 
(k=2,3,4), the support set of the fuzzy SDI got only positive values, and therefore, the hydrological 
regime was significantly improved within this hydrological year (Table 3, Figure 14). 

a)  

b)  

c)  

Figure 12. Historical sequences of the fuzzified    SDI! i,k  for reference periods a) k=1, b) k=2, c) k=3 of all the examined 
years (γ=0.05). 
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Figure 13. Displacement of the fuzzified   SDI!  to smaller values during the moderate drought year (1993-'94). 

 

Figure 14. Changing of the hydrological regime during the hydrological year 2004-'05. Fuzzified   SDI!  displays 
negative values for k=1 and positive values in all of the other reference periods (k=2,3,4). 

Table 3. Classification of drought based on the    SDI! i,k  during the hydrological years 1993-'94 and 2004-'05 for 
k=1,2,3,4. 

  Inclusion measure for each drought category 
Hydrological year 1993-1994 2004-2005 

Category Description k=1 k=2 k=3 k=4 k=1 k=2 k=3 k=4 

0.0SDI ≥  Non-
drought 0 0 0 0 0.0056 1.000 1.000 1.000 

1.0 0.0SDI− ≤ ≤  Mild 
drought 0.9017 0.6609 0.5104 0.3996 0.9911 0 0 0 

1.5 1.0SDI− ≤ ≤ −  Moderate 
drought 0.0983 0.3186 0.4380 0.5227 0.0033 0 0 0 

2.0 1.5SDI− ≤ ≤ −  Severe 
drought 0 0.0205 0.0516 0.0777 0 0 0 0 

2.0 SDI− ≥  Extreme 
drought 0 0 0 0 0 0 0 0 

Sum 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

Classification Mild 
drought 

Mild 
drought 

Mild 
drought 

Moderate 
drought 

Mild 
drought 

Non-
drought 

Non-
drought 

Non-
drought 

 
In Table 3, the bold values are the highest that the inclusion measure Cj gets, whilst the sum of 

Cj-values of all categories is equal to unit. Thus, each time period (columns) is classified into the 
drought category which corresponds to the highest Cj-value. As in case of the annual drought, a 
crisp decision regarding the drought intensity can be finally concluded. 

6. CONCLUSION  

The current study proposes a fuzzy version of the Streamflow Drought Indices (SDI) for the 
overlapping periods of 3, 6, 9 and 12 months within the examined hydrological year. The use of 



58 M. Spiliotis et al. 

 

fuzzy estimators is proposed in order for the uncertainty of the mean value and standard deviation, 
to be taken into account. Hence, the statistical information regarding mean value and standard 
deviation may be used for a selected level of confidence. The fuzzy estimators’ methodology can be 
seen as a hybrid fuzzy-statisticalapproach. Subsequently, the statistical information is fuzzified and 
finally, the SDI is calculated on the basis of fuzzy algebra. An interesting point of view is that the 
fuzziness of the SDI is increased in the significant wet or dry years. 

The characterization of the degree according to which the fuzzified SDI is classified into a crisp 
drought category is implemented by using a fuzzy measure of inclusion which suits to the examined 
categorization. From a mathematical point of view, the proposed measure deals with the inclusion 
of a fuzzy number (SDI) in a crisp interval (region of each drought category). The measure takes 
into account all the information of the membership function. Even if the SDI follows a fuzzy shape, 
according to the proposed measure, a final and a representative conclusion can be achieved. 

When the proposed methodology is applied within the hydrological year, it is observed that 
during this year the hydrological regime may change, a condition which can be depicted by the 
proposed fuzzified SDI. Therefore, the proposed fuzzified SDI can be a useful tool for making 
conclusions concerning the hydrological drought regime of each reference period within a 
hydrological year. 

APPENDIX A: AXIOMATIC DEFINITION OF THE FUZZY INTERSECTION 

In general, a fuzzy intersection, T-norm, is a binary operation on the unit interval 
[ ] [ ] [ ]( ) 0, 1 0, 1 0, 1Τ × →  that satisfies at least the following axioms for all a and b belonging to 

the interval [0, 1]: 

( )
( ) ( )

( ) ( )
( )( ) ( )( )

,1 ( )

, , ( )

, , ( )

, , , , ( )

a a boundary condition

a c implies a b c b monotonicity

T a b T b a symmetry

T a T b c T T a b c associativity

Τ =

≤ Τ ≤ Τ

=

=

 (A.1) 

The above set of axioms constitutes the axiomatic skeleton of fuzzy intersections, T-norms. All 
functions satisfying the above axiomatic skeleton of fuzzy intersection are fuzzy intersections (e.g. 
Klir and Yuan, 1995 and Tsakiris et al., 2015). 

APPENDIX B 

Simple algebraic operations between fuzzy numbers can be performed in terms of α-cuts for 
every [0,1]α ∈  based on the Equation (B.1) (Klir and Yuan, 1995). 

( * ) *a a aA B A B=  (B.1) 

Thus, in this work, all the simple calculations among fuzzy numbers can be performed with the 
aid of the a-cuts. Thus, since α-cuts are crisp sets (intervals) the arithmetic intervals can be utilized. 
The abstraction between crisp number and fuzzy number can be performed as follows: 

[ ] [ ] [ ], , ,V V c d V d V c− = − −  (B.2) 

where [V,V] symbolizes the crisp number (cumulative stremflow volume of each reference period 
for each hydrological year), and [c,d] denotes the α-cut of the fuzzy estimator of the mean value (as 



European Water 71/72 (2020) 59 

 

a crisp interval regarding the zero-cut). 
The fuzzy SDI is the result of the division (Equation B.3) between two fuzzy numbers since the 

numerator is given by the Equation (B.2) (the difference between crisp cumulative streamflow 
volume and fuzzy mean value) and the dominator is the α-cut (regarding the zero-cut) of the fuzzy 
standard deviation [e, f].  



[ ] [ ],
, 1 1, [ , ]

[ , ]

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[min , , , ,max , , ,

i k
V d V c

SDI V d V c
e f f e

V d V d V c V c V d V d V c V c
f e f e f e f e

− −
= = − − ⋅ =

   − − − − − − − −
=    

   

 (B.3) 

Two cases are examined expressing both the significant wet and the significant dry years. In the 
case of significant wet years, the left boundary (min) and the right boundary (max) of the numerator 
are positive fuzzy numbers. Thus it holds: 

 ,
( ) ( ),

0 , 0 0
0 ( ) ( )

i k
V d V cSDI

f e
since c d e f and a
and V d V c

 − −
=  
 
< < < < <

< − < −

 (B.4) 

The fuzziness is represented from the difference between the left hand boundary and the right 
hand boundary: 

( ) ( ) ( )V c V d Vf Ve de cf V f e de cf
e f fe fe
− − − + − − + −

− = =  (B.5) 

Obviously this also holds in the case of zero-cut, in which the fuzziness gets its highest value. In 
the above Equation (B.5), the variable V, which denotes the crisp cumulative streamflow volume, is 
the only parameter which is not constant but changes regarding the examined reference period and 
the examined hydrological year. According to the Equation (B.5), it is obvious that when V 
increases the difference between the left boundary and the right boundary increases and hence, the 
total fuzziness of the ratio (fuzzy SDI) increases. 

In the case of significant dry years, both the left boundary (min) and the right boundary (max) of 
the numerator are negative fuzzy numbers, thus it holds: 

 ,
( ) ( ),

0 , 0 0
( ) ( ) 0

i k
V d V cSDI

e f
since c d e f and a
and V d V c

 − −
=  
 
< < < < <
− < − <

 (B.6) 

The fuzziness is represented from the difference between the left boundary and the right 
boundary: 

( ) ( ) ( )

( ) 0

V c V d Ve Vf df ce V e f df ce
f e ef ef

where e f

− − − + − − + −
− = =

− <

 (B.7) 

Likewise, based on the Equation (B.7), it is obvious that when V decreases the total fuzziness of 
the ratio (fuzzy SDI) increases. 
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____________________________________________________________________ 

The same results can be produced based on the approximate equations of Hanss (2005). For instance, in case of significant dry years 
the numerator gets negative values and the denominator gets positive values thus, the division is performed between a negative L-R 
fuzzy number and a positive fuzzy number. According to the approximate formula of Hanss (2005), the subtraction between the crisp 

number V (annual cumulative discharge) and the fuzzy number A  (fuzzy mean) will be also a L-R fuzzy number: 

1 1 1 1 1 1,0,0 , , , 0 , 0 , ,V a c w V a c w V a c w− = − + + = −  

where a, c1,w1 are the central value, the left spread and the right spread of the fuzzy number A , correspondingly. 

The division between a negative fuzzy number ( )V A−   and a positive fuzzy number B  (fuzzy standard deviation) is described as 
follows (Hanss, 2005): 

 ( ) ( ) ( )( ) ( )( )2 2
1 1 2 2

1 2 1 2

/ / , / , /

, , , 0

SDI V A B V a b bc V a w b bc V a w b

c c w w

≈ − = − − − − −

≥

 

 

where (V−a), b are the central values, c1, w1 are the left spreads and c2, w2 are the right spreads of the fuzzy numbers ( )V A−   and 

B , correspondingly. It is obvious that either for significant low or significant high V-values the spreads of the fuzzified SDI, which 
are expressed by the second and the third term, are increased. 
_________________________________________ 
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