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Abstract:  Bedload transport in sand-gravel bed rivers exhibits notable differences with increasing discharge. For low discharges, 
the bedload consists mainly of sand and fine gravel, originating from the upstream, while the surface armor layer 
remains intact. For higher discharges, the armor layer breaks up and the bedload, which increases considerably, 
comprises gravel from the surface layer as well as finer material from the subsurface layer. For even higher 
discharges, all grain sizes are in motion. However, the contribution of each bedload transport mechanism is unclear. 
An attempt is made in this study to approach the above three phases of the armor layer evolution by means of the 
nonlinear fuzzy polynomial regression. An important property of the proposed model is that it can be considered as an 
extension of the Tanaka (1987) fuzzy linear regression model, where all the data are included within the produced 
fuzzy band. Thus, the proposed model expresses the nonlinear behaviour, whilst the produced fuzzy band and the 
rational behaviour of the curve can be used to avoid both the undertraining and the overtraining processes. The model 
was successfully implemented on discharge-bedload data from several gravel-bed rivers from mountain basins of 
Idaho, USA. 
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1. INTRODUCTION 

When a channel’s sediment transport capacity exceeds the rate of sediment supply from 
upstream, the channel starts to degrade. Because of the nonuniformity of the bed material size, finer 
materials will be transported at a faster rate than the coarser materials, and the remaining bed 
material will become coarser. This coarsening process will stop once a layer of coarse material 
completely covers the streambed and protects the finer materials beneath it from being transported. 
After this process is completed, the streambed is armored and the coarser layer is called the armor 
layer (Yang, 1996). 

In an attempt to explain physically bed armoring, Parker and Klingeman (1982) hypothesized 
that pavement is a regulator that enables a stream to transport the coarse half and the fine half of its 
bedload supply at equal rates. In agreement with observation, the pavement should be absent in 
most sandbed streams. According to Bakke et al. (1999), the bedload is seen to be in constant 
dynamic exchange with the bed material. The pavement layer forms in order to establish 
equilibrium between the bedload and the bed material. 

Three phases, regarding the stability of the armor layer, can be distinguished: During phase 1, 
bedload composed of fine sediments supplied from upstream passes over the immobile armor layer. 
Phase 2 designates the breakup of the armor layer; during this phase, coarse grains can participate in 
transport and the availability of fine sediments from the subsurface is increased. During phase 3, all 
grain sizes are in motion. On the basis of the above distinction, Recking (2010) proposed a surface-
based bedload transport formula, where hiding effects, i.e. the deposition of fine sediments between 
coarse bed material making up the armor layer, were taken into account. This formula reproduced 
all the transport phases particularly well and, above all, the low bedload transport rates associated 
with phases 1 and 2. The usual surface-based formulas gave satisfactory results only for phase 3 and 
showed a very poor performance for phases 1 and 2. All three phases depend on the value of the 
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stream discharge. According to Recking (2013), bedload transport equations are nonlinear.  
Because of the nonlinearity of the sediment transport rate dependence on the stream discharge, as 

well as because of the inherent uncertainties in the sediment transport phenomenon generally, an 
attempt is made in this study to approach the above three phases of the armor layer evolution by 
means of the nonlinear fuzzy polynomial regression. From a mathematical point of view, the data 
are crisp numbers, whilst the fuzziness arises from the produced fuzzy coefficients. Another point 
which should be dealt with, is the problem of either overtraining or undertraining behaviour of the 
produced fuzzy curve since the simple linear model was left. 

It should be noted that Spiliotis et al. (2017) proposed a new fuzzy adaptive regression, where 
the fuzziness is used between the two thresholds expressing the low and the high discharge. For low 
discharges, until a fuzzy threshold, a conventional (crisp) regression between bedload transport and 
discharge is used, while for high discharges, a linear regression with sharper slope must be derived 
to fit the bedload data. Between these curves and for a discharge range where the armor layer gets 
disrupted, the Sugeno theory of expert systems is implemented. Therefore, the proposed method of 
Spiliotis et al. (2017) leads to a crisp complicated curve, whilst the proposed method in this article 
leads to a fuzzy curve which contains all the data. 

2. MATERIALS AND METHODS 

2.1 General concepts 

The uncertainties in sediment transport prediction arise from the role of turbulence in sediment 
entrainment (Spiliotis and Hrissanthou, 2018), the inadequate data, the difficulties during the 
sediment transport measurements and the complexity of the phenomenon itself. In addition, in sand-
gravel bed rivers, the breakup of the bed armor layer complicates the prediction and moreover leads 
to a significant nonlinear behaviour (Spiliotis et al., 2017). For these reasons, a nonlinear fuzzy 
regression is implemented to achieve a fuzzy relation between the sediment transport rate and 
stream discharge. 

First of all, in the case of polynomial form, a fuzzy linear regression formulation can be obtained 
by substituting some nonlinear terms with auxiliary variables. This approach holds only in case that 
the independent variables are crisp numbers. Therefore, the nonlinear fuzzy regression can conclude 
to a fuzzy linear regression problem with many variables. 

Next, the fuzzy linear regression of Tanaka (1987) is used. In general, the fuzzy regression 
analysis gives a fuzzy functional relationship between the dependent and independent variables 
(Papadopoulos and Sirpi, 2004; Spiliotis et al., 2019; Tsakiris et al., 2006). In contrast to the 
statistical regression, the fuzzy regression model of Tanaka (1987) has no error term, while the 
uncertainty is incorporated into the model with the use of fuzzy numbers (Kitsikoudis et al., 2016; 
Spiliotis and Hrissanthou, 2018). The data of the fuzzy regression can be either fuzzy or crisp. 
Usually, the data are rather crisp numbers (observed data) and, thus, the uncertainty arises from the 
used fuzzy model, that is, the fuzzy coefficients. 

The inclusion property of the produced fuzzy band, that is, the requirement that all the data must 
be included within the produced fuzzy band, creates the constraints. Additional constraints can be 
added, for instance, in order to avoid negative values, which, in our case, have no physical meaning. 

2.2 Fuzzy linear regression 

Α fuzzy set can be seen as a mapping from a general set X to the closed interval [0, 1]. A fuzzy 
set can be expressed by a membership function, which shows to what degree an element lies in the 
examined fuzzy set. A membership function is confined in the interval [0, 1], with a membership 
degree of 0 indicating that the element does not belong to the set and a membership degree of 1 
indicating that the element fully belongs to the set. Subsequently, an object with a membership 
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degree between 0 and 1 will belong to the set to some degree. 
A fuzzy number is a fuzzy set which, furthermore, satisfies the properties of convexity and 

normality. It is defined in the axis of real numbers and its membership function is a piecewise 
continuous function. 

The (soft) α–cut set of the fuzzy number A, with 0 <α ≤ 1, is defined as follows: 

[ ] { }( ) ,Aa
A x x a xµ= ≥ ∈Χ  (1) 

where μA(x) the membership function of the fuzzy number A. 
An interesting point is that the crisp set including all the elements with non–zero membership 

function is the 0–strongcut which can be defined as follows: 

( ){ }0
0, XA x x xµ+ Α= > ∈  (2) 

More analytically, according to Equation (2), an open interval, that does not contain the 
boundaries, is above the 0-cut. For this reason, and in order to have a closed interval containing the 
boundaries, it is suggested the term “worst–case interval” W, which is the union of the 0–strongcut 
and the boundaries (Hanss, 2005). 

Linear regression analysis is used to model the linear relationship between the dependent 
variable and the independent variables. In the fuzzy linear regression model, the difference between 
the computational data and the actual values (measurements) is assumed to be due to the structure 
of the system. The proposed model carries this uncertainty back to its coefficients or, in other 
words, our inability to construct a precise relationship, is directly introduced into the model, on the 
fuzzy parameters. Based on the above reasoning, the coefficients for the independent variables are 
chosen to be fuzzy numbers. The problem of fuzzy linear regression is reduced to a linear 
programming problem according to the following steps:  
 
1. The model is as follows: 

0 1 1 2 2j j j n njA A x A x A xΥ = + + +…+      (3) 

where Ỹ is the fuzzy dependent variable; j = 1, ..., m; i = 1, ..., n; Ãi = (ai, ci) are fuzzy symmetric 
triangular numbers selected as coefficients (Figure 1), and x is the independent variable. In addition, 
n is the number of independent variables, m is the number of data, a is the central value (where μ 
=1), and c is the semi–width. 

 

Figure 1. Fuzzy symmetric triangular number 

2. Determination of the degree h at which the data [(x1j, x2j, ..., xnj), yj] is aimed to be included in the 
estimated number Yj: 

( ) 1,...,Yj jy h j mµ ≥ =  (4) 
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The constraints express the concept of inclusion, in case that the output data are crisp numbers. 
In the examined case of the widely used model of Tanaka (1987), a more soft definition of the fuzzy 
subsethood is used compared to the Zadeh (1965) definition.  Hence, the inclusion of a fuzzy set A 
into the fuzzy set B with the associated degree 0 1h≤ ≤  is defined as follows: 

[ ] [ ]h h
A B⊆   (5) 

In our case, since the data are crisp, the set A is only a crisp value (a point which must be 
included within the produced fuzzy band) and the fuzzy set B is a fuzzy triangular number. Hence, 
Equation (5) is equivalent to: 

n n n

i i
i 0 i 0 i 0

a (1 ) a (1 ) , 1,...,
n

ij i ij j ij i ij
i=0

x h c x y x h c x j m
= = =

− − ≤ ≤ + − =∑ ∑ ∑ ∑   (6) 

It must be clarified that the above equations hold for a specified h–cut and not for every α–cut. 
Normally, the 0–strongcut is used since greater levels of h lead to a greater uncertainty.  
 

3. Determination of the minimization function (objective function) J. In the conventional fuzzy 
linear regression model, the objective function J is the sum of the produced fuzzy semi–widths for 
the data: 

0
1 1

m n

i ij
j i

J mc c x
= =

 
= + 
 

∑∑   (7) 

where c0 is the semi–width of the constant term, and ci semi–width of the other fuzzy coefficients. 
Since fuzzy symmetric triangular numbers are selected as fuzzy coefficients, it can be proved 

that the objective function is the sum of the semi–widths of the produced fuzzy band regarding the 
available data: 

( )0
1 1 1

1
2

m n m

i ij j j
j i j

J mc c x Y Y+ −

= = =

 
= + = − 
 

∑∑ ∑  (8) 

where ,j jY Y+ −  the right and the left–hand side of the 0–strongcut, respectively. 
 

4. The problem results in the following linear programming problem: 
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 (9) 

where ci ≥ 0, for i = 0, 1, ..., n. 
In addition, many times, when data are classic numbers, we can easily approximate nonlinear 

cases with the fuzzy linear regression model with the help of auxiliary variables. In this case, the 
total uncertainty (cumulative width) indicates incomplete complexity, whereas nonphysical 
behaviour is an indicator of overtraining, due to adoption of excessive complexity in nonlinear 
models. 
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2.3 Implementation of fuzzy polynomial regression for crisp data 

The fuzzy linear regression method of Tanaka (1987) can be extended to cover nonlinear cases. 
For instance, in the case of polynomial form, a fuzzy linear regression formulation can be obtained 
by substituting some terms of the independent variables with fictitious auxiliary variables, as 
mentioned above. However, this approach can be done only in case that the independent variables 
are crisp numbers, otherwise the implementation of the extension principle leads to more complex 
formulation. 

It is worth noting that a high degree of the polynomial can reduce the fuzziness, but, as in the 
case of the crisp polynomial regression, incompatible results with the physical process can be 
produced. In contrast, the use of the simple fuzzy linear model could lead, in some cases, to larger 
uncertainty or, in other cases, to other irrational results, e.g., neighbourhood with negative values 
for bedload transport rate (Spiliotis and Hrissanthou, 2018). 

Similar approach can be seen in the case of crisp polynomial regression. The crisp polynomial 
regression is a special case of multiple regression, with only one independent variable X 
(Ostertagová, 2012). In this case, usually, the ordinary least squares analysis is used, whilst the 
coefficient of determination takes values between zero and one, regarding the training set. In the 
next figures, when the term “conventional regression” is used, this means that the crisp polynomial 
regression is applied with the same order compared with the examined fuzzy polynomial regression. 

3. CASE STUDY 

Two cases will be presented in this work. The first one is the Blackmare Creek, located in the 
State of Idaho, USA. The second case is the Little Buckhorn Creek, which also is located in the 
State of Idaho, USA. The results are shown in Figures 2 and 3. As it can be seen from both figures, 
all the data are included within the produced fuzzy band. The fuzzy relation regarding the bedload 
transport rate in Blackmare Creek is listed below: 

( )5 4 3 2
,   (-0.0001) + 0.0015 + (-0.0050) + 0.0081 +(-0.0045, -0.003) 0.0009,  0.0000G j j j j j jm Q Q Q Q Q= ⋅ ⋅ ⋅ ⋅ ⋅ +  (10) 

The total amount of uncertainty, that is the sum of the produced fuzzy semi–widths, is: J = 
0.2649 kg/(s m). 

Additionally, the fuzzy relation in Little Buckhorn Creek is: 

( )

4 3 2
,   (-0.5679, 0.0000) + (0.7039, 0.0245)  + (-0.2027, -0.0000)   

+ (0.0222, 0.0000) -0.0003,  0.0004
G j j j j

j

m Q Q Q

Q

= ⋅ ⋅ ⋅

⋅ +


   (11) 

The total amount of uncertainty is: J = 0.1061 kg/(s m). 
In Equations (10) and (11), mG [kg/(s∙m)] is the bedload transport rate and Q (m3/s) represents 

the stream discharge. The brackets represent fuzzy symmetric triangular numbers. The first term in 
the brackets symbolizes the central value and the second term the semi-width. An interesting 
perspective is that, as it can be seen from Equations (10) and (11), some coefficients appear without 
uncertainty. 

In Figures 2 and 3, three regions (1, 2 and 3) from geometric point of view can be distinguished, 
corresponding to the three phases (1, 2 and 3) of the armor layer stability: (1) for low values of 
stream discharge, the slope of the fuzzy curves is very slight, which means that the variation of 
bedload transport rate with the stream discharge is also very slight; (2) for higher values of stream 
discharge, the slope of the fuzzy curves increases, which means that the variation of bed load 
transport rate with the stream discharge is higher than in the first region; (3) for even higher values 
of stream discharge, the slope of the fuzzy curves obtains the highest value, which means that the 
variation of the bed load transport rate with the stream discharge is higher than in the second region. 
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Region 2 can be considered as a transition region from region 1 to region 3.  

 

Figure 2. Graphical representation of the fuzzy polynomial regression (fifth degree) for the bedload transport rate mG 
[kg/(s m)] with respect to the stream discharge Q (m3/s), for Blackmare Creek. 

 

Figure 3. Graphical representation of the fuzzy polynomial regression (fourth degree) for the bedload transport rate mG 
[kg/(s m)] with respect to the stream discharge Q (m3/s), for Little Buckhorn Creek. 

In a similar manner with the crisp polynomial regression, we should avoid either the 
overtraining, by considering a high polynomial order, or the undertraining, by considering a low 
polynomial order. In both cases, the linear model is unsuitable. For instance, let us consider the 
fuzzy linear regression. In the case of Blackmare Creek, the implementation of the fuzzy linear 
regression leads to the following equation: 

,  (0.0089, 0.0077) 0.0004= ⋅ −G j jm Q  (12)  

and the total amount of uncertainty is: J = 1.3527 kg/(s m). 
In the case of Little Buckhorn Creek, the application of the fuzzy linear regression leads to the 

following equation: 

,  (0.0131, 0.0114) 0.0001G j jm Q= ⋅ −   (13) 

whilst the total amount of uncertainty is: J = 0.2557 kg/(s m). 
The corresponding results are depicted in Figures 4 and 5. It is obvious that, even if the achieved 

fuzzy curves can contain all the data, they lead to a rather non–functional regression with 
significantly larger objective function J, which expresses the sum of the total semi-widths of the 
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produced fuzzy band. Therefore, the linear model, as it is presented in Equations (12) and (13), is 
rejected since the significant uncertainty declares an undertraining process. 

 

Figure 4. Graphical representation of the fuzzy linear regression for the bedload transport rate mG [kg/(s m)] with 
respect to the stream discharge Q (m3/s), for Blackmare Creek. 

 

Figure 5. Graphical representation of the fuzzy linear regression for the bedload transport rate mG [kg/(s m)] with 
respect to the stream discharge Q (m3/s), for Little Buckhorn Creek. 

 

Figure 6. Graphical representation of the fuzzy nonlinear regression (sixth degree) for the bedload transport rate mG 
[kg/(s m)] with respect to the stream discharge Q (m3/s), for Little Buckhorn Creek (overtraining behaviour). 
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If a sixth polynomial degree for the fuzzy nonlinear regression is adopted, for the case of Little 
Buckhorn Creek (Figure 6), namely, if two polynomial terms are added, then the uncertainty is 
reduced; however, incompatible results with the physical process are produced (overtraining). 
Irrational results are produced not only by following the fuzzy polynomial model but also the crisp 
polynomial model, as it can be seen from Figure 6. 

4. CONCLUSION 

Ιn this work, a successful implementation of the fuzzy polynomial regression, in order to achieve 
a fuzzy curve between the bedload transport rate with respect to the stream discharge, takes place. 
However, the fuzzy linear regression is unsuitable because of the three phases of the armor layer 
evolution. The fuzzy linear regression model of Tanaka (1987) can be extended to cover nonlinear 
cases by substituting some terms of the independent variables with fictitious auxiliary variables. 
However, this approach can be done only in case that the independent variables are crisp numbers. 
The produced fuzzy band and behaviour of the fuzzy curve are the main criteria in order to decide 
about the degree of the polynomial regression. 
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