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Diagnosis of water pipeline systems by frequency domain analysis 
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Abstract: Inverse transient analysis is a tool for the diagnosis of water distribution systems based on the comparison of the 
results of analytical or numerical models with pressure signals acquired during transients. The needed numerical 
models can be derived in the time domain or in the frequency domain. The time-domain approach is the most 
followed and leads to the method of characteristics. The traditional models derived in the frequency domain as 
solutions to the linearized water hammer equations, namely the impulse response and the transfer matrix methods, are 
efficient in the simulation but are not suited for complex arbitrarily configured networks. An alternative frequency-
domain formulation is the network admittance matrix method, where the equations are reorganized into a matrix form 
using graph-theoretic concepts. In this paper the network admittance matrix method is applied to assess its reliability 
in the diagnosis of water distribution systems. The unsteady-friction term is introduced in the formulation and a 
numerical case study is used to detect a pipe replacement in a simple system of metallic pipes. The length, the 
diameter and the position of the pipe replacement are considered as unknowns and estimated by means of a calibration 
procedure. 
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1. INTRODUCTION  

The interest for transients in pressurised pipe systems date back to the beginning of the past 
century and was motivated by the needs of the design and the safe operation of penstocks in 
hydropower systems. Hence, for these historical reasons, for a long time transients have been 
considered as dangerous and their effects as destructive (the term “water hammer” is evocative). 
Starting from the pioneering works of the 90’s (Brunone, 1989; Jonsson et al., 1992; Liggett and 
Chen, 1994; Liou and Tian, 1995), the interest for the unsteady-state conditions was also motivated 
by the ability of controlled transients to reveal information about the system. Since then, transients 
have been extensively investigated to this aim and numerical models of transients are now 
considered as diagnostic tools to detect leaks, blockages, valve opening degree, and the general 
conditions of the pipe. 

For the purposes of hydraulic transient simulation, the 1-D water hammer equations can be 
solved in the time-domain or in the frequency-domain. The method of characteristic (MOC) is the 
most used method in the time domain (Ghidaoui et al., 2005) while classical solutions in the 
frequency-domain are the impedance method or the transfer matrix method (Chaudhry, 2014; Wylie 
and Streeter, 1993). 

Compared to the time-domain approaches, the frequency-domain description of pipeline systems 
requires the linearization of the steady-friction term but enable the direct determination of the 
relationship between system responses and system properties, which is particularly useful in solving 
inverse problems and hence in the diagnosis. As an example, pipe lengths are introduced as 
parameters without the need a space discretization, avoiding the constrains introduced by the 
compatibility with the time discretization and the Courant condition (Kim, 2008). The required 
linearization affects only the steady-friction term. Both viscoelasticity and unsteady-friction terms, 
which can be expressed as convolutions in time (Weinerowska-Bords, 2015), can be efficiently 
implemented in the frequency-domain models.  

The application of the traditional impedance and transfer matrix to arbitrarily configured 
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networks is challenging. To simplify the frequency domain analysis of complex systems, (Zecchin, 
2010; Zecchin et al., 2009) introduced the network admittance matrix method (NAMM), combining 
admittance forms of the link equations in the frequency domain with graph-theoretic matrices. In 
previous papers the viscoelasticity terms have been introduced in the NAMM, to simulate the 
transient response of polymeric pipes. In this paper the unsteady-friction term is introduced to 
simulate transients in metallic pipes. 

In the following sections, the theory of the NAMM is briefly reviewed and the equations 
presented in (Zecchin et al., 2009) are modified to take into account the effects of the unsteady-
friction. Numerical tests are then used to verify the capabilities of the model for the diagnosis of a 
water pipeline system by means of transients.  

2. THE ADMITTANCE MATRIX FORMULATION 

In the usual schematization of water pipeline system as an oriented network of links and nodes, 
the graph theory provides a simple formalization of the governing continuity and momentum 
equations. The same link-node incidence matrix, or simply incidence matrix, A, expressed as  

aij =

−1 if λ j ∈ ΛU,i

1 if λ j ∈ ΛD,i

0 otherwise

⎧

⎨
⎪⎪

⎩
⎪
⎪

 (1)  

which defines the topology of a network  G N ,Λ( ) , with node set 
 
N = 1,2,...,nnn{ }  and link set 

Λ = λ1,λ2,...,λnl{ } , is also the cornerstone of the coefficient matrix in the steady-state model 
formulation (Todini and Pilati, 1988). In Eq. (1), ΛU  (ΛD ) represent the subset of links for which 
node i is the upstream (downstream) node. The left multiplication of the incidence matrix for the 
link state variable, i.e. the flows, provides the compact expression of the flow continuity equations 
for the pipe network  

AQ = q0 (2)  

where Q is the column vector of the nl flows in each link and q0 is the column vector of the 
demands at junctions, defined as the outflows from the systems toward the environment. The left 
multiplication of the transpose of the incidence matrix, or node-link incidence matrix, for the node 
state variable, i.e. the pressure heads, provides the gradients used in the momentum equations 

DQ + ATH = 0 (3)  

where D is the diagonal matrix of the resistances, H is the column vector of the nn heads at each 
node, and the superscript T denotes the matrix transpose. Extensions and modification to the 
Equations (2) and (3) can be introduced considering interior nodes, where the head is unknown and 
exterior nodes, where the head is specified. Pressure dependent demands to model leaks and user 
connections can be also introduced. Several algorithms based on Eqs. (2) and (3), and the Global 
Gradient Algorithm proposed by Todini and Pilati (1988) have been implemented and widely used 
in the water pipeline system management. 

For several reasons, the algorithms used for water hammer unsteady-state analysis in complex 
networks did not evolve analogously, as a simple extension of the steady-state analysis. The 
historical and technical motivations behind this evolution cannot be discussed here in details. 
Recently, Zecchin et al. (2009) have shown that a matrix formulation, similar to those obtained for 
the steady-state, can be obtained when the governing equations are linearized and integrated in the 
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frequency domain. The main difference is in the need for four variables, defined as the Fourier or 
Laplace transform of pressure heads and flows at the upstream (hU and qU) and downstream (hD and 
qD) nodes, to define the pipe behaviour of each link. Starting from the well known unsteady-flow 
governing equations (Chaudhry, 2014; Ghidaoui et al., 2005; Wylie et al., 1993), the Laplace 
transform of the linearized expressions leads to a system of equations for each link. 

qUj
qDj

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
=

ZC1 j e
Γ1 j + ZC2 j e

−Γ2 j

ZC1 j ZC2 j e
Γ1 j − e−Γ2 j( )

−
ZC1 j + ZC2 j( )

ZC1 j ZC2 j e
Γ1 j − e−Γ2 j( )

ZC1 j + ZC2 j( )eΓ1 j e−Γ2 j

ZC1 j ZC2 j e
Γ1 j − e−Γ2 j( )

−
ZC2 j e

Γ1 j + ZC1 j e
−Γ2 j

ZC1 j ZC2 j e
Γ1 j − e−Γ2 j( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

hUj
hDj

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

   (4)  

To define the dependence of the j-th link propagation operators, Γ1,2 j , and characteristic 
impedances, ZC1,C2 j , on the Laplace variable, s, and on the properties of the pipe, three auxiliary 
variables are introduced 

α j = Cjs
β j = Ljs + Rj

BRj =
akBj
2gAj

 (5)  

where Cj=Ajg/aj
2, Lj=(1+ kBj /2)/(gAj), Rj = fCj fFj q0j/(gDjA j

2), fFj is the Darcy-Weisbach friction 
factor, q0j is the initial steady state flow in the pipe, lj, aj, and Aj are the length, the wave speed, and 
the cross-sectional area of the j-th pipe respectively, and g is the acceleration of gravity. kBj is the 
unsteady-friction parameter proposed by (Brunone et al., 1995) while fFj is an equivalence factor 
that can be used to balance the linearization effect in the steady-friction term. If the Fourier 
transform is considered instead of the Laplace transform, as here, it is s = iω = −1ω , where ω  is 
the angular frequency. 

By means of the terms introduced in Eq. (5), it is 

γ1,2 j =
∓αBR + α j

2BRj
2 + 4α jβ j

2
Γ1,2 j = γ1,2 jl j; ZC1,C2 j = γ1,2 j /α j

 (6)  

When only the steady-friction is considered, it is Γ1 j = Γ2 j = Γ j , ZC1 j = ZC2 j = ZCj  and Eq. (4) 
simplifies in 

qUj
qDj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= ZCj

−1
cothΓ j −cschΓ j

cschΓ j −cothΓ j

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

hUj
hDj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (7)  

As a consequence of the presented formalization of the unsteady-state problem, the flows in each 
link, qUj and qDj, are not defined by a single value as for the steady-state but are different at the two 
link ends. Hence, the continuity equations at the nodes cannot be directly expressed by Eq. (2) since 
the contribution of upstream and downstream link flow should be separately considered. In other 
words, the vector q has to be split in two vectors, qU and qD, containing the qUj and qDj elements, 
respectively. The momentum equations show the same increase in complexity with respect to (3), 
since h has to be split to consider upstream and downstream link piezometric head, giving raise to 
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the vectors hU and hD.  
An elegant and simple solution has been provided by (Zecchin et al., 2009), where a double 

incidence matrix (NU ND) is defined as a matrix of two upstream and downstream incidence 
matrices, NU and ND, respectively, with  

nUi, j = 0 otherwise
1ifλ j∈ΛU ,i{

nDi, j = 0 otherwise
1ifλ j∈ΛD ,i{

  (8)  

The relationship between the steady-state and the unsteady-state double incidence matrices is 
given by A= −NU+ND. The left multiplication of the double incidence matrix for the unsteady-state 
link state variables, upstream and downstream link flows, provides the imbalance of the continuity 
equations at nodes, to be balanced by the Laplace transform of the demands at nodes, , 

 −NU ND
⎡
⎣

⎤
⎦
qU
qD

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=Θ  (9)  

Similarly, the left multiplication of the transpose of the double incidence matrix with the Laplace 
transform of the pressure head at nodes, , define the upstream and downstream pressure head 
column vectors hU, hD 

hU
hD

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

NU
T

ND
T

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
Ψ  (10)  

Introducing the diagonal matrices EΓ1,2 = diag eΓ1,2 j{ }  and ZC1,2 = diag ZC1,2 j{ } , Eq. (4) can be 
extended to the whole system and not to a single link 

qU
qD

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

ZC1 E
Γ1 +ZC2j E

−Γ2

ZC1 ZC2 E
Γ1 j − E−Γ2 j( ) −

ZC1 +ZC2( )
ZC1 ZC2 E

Γ1 − E−Γ2( )
ZC1 +ZC2( )eΓ1 e−Γ2
ZC1 ZC2 E

Γ1 − E−Γ2( ) − ZC2 e
Γ1 +ZC1 e

−Γ2

ZC1 ZC2 E
Γ1 − E−Γ2( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

hU
hD

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (11)  

Combining Eqs. (9), (10) and (11), the admittance formulation is obtained, relating the Fourier 
transform of the pressure head at nodes with the Fourier transform of the demands 

Θ = NU ND
⎡
⎣⎢

⎤
⎦⎥
t1 −c1
t2 −c2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

NU
T

ND
T

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
Ψ = YΨ  (12)  

Since the admittance matrix Y is the sum of four terms 

  (13)  

the construction of the matrix is easy considering that, after (Zecchin et al., 2009), it is  

  (14)  

Θ

Ψ

Y = −NUt1NU
T +NDc2ND

T +NUc1ND
T −NDt2ND

T

NDc2NU
T =

c2j if λ j = (k,i)∈ΛD,i

0  otherwise

⎧
⎨
⎪

⎩⎪
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  (15)  

  (16)  

  (17)  

It is worth noting that the admittance matrix is essentially a generalised form of the Laplacian 
matrix of a weighted directed graph, and it is the analogous of the product ADAT used in the GGA 
(Todini and Pilati, 1988).  

To speed up the solution algorithm, and are partitioned distinguishing between demand- 
and pressure-control nodes. At the demand-control nodes, denoted by the subscript “d”, the demand 
is known but the pressure is unknown. At pressure-control nodes, similar to the previously defined 
exterior nodes and denoted by the subscript “p”, the demand is unknown and the pressure known. 
Junctions are typically demand nodes whereas reservoirs are pressure nodes. 

Since the transformed nodal pressures, , represent the perturbation around a mean value, a 
boundary condition of prescribed pressure head at a node, such as at a constant head reservoir, 
corresponds to Ψ p = 0 . Similarly, the transformed values of the flows, Θ , represent the variation 
of the demand outflowing at a node and hence for junctions without demands it is also Θd = 0 . 

The partition of Ψ = [Ψd
T Ψ p

T ]T  and Θ = [Θd
T Θ p

T ]T  allows the uncoupling of the unknowns 
Ψd from the unknowns Θ p , so that it is possible to calculate them separately, after a consistent 
partition and a reorganization of the admittance matrix (Zecchin et al., 2009), as in the following 

 Ψd

Θ p

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

Yd
−1 −Yd

−1Yd−p
Yp−dYd

−1 Yp −Yp−dYd
−1Yd−p

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

Θd

Ψ p

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (18)  

where Ψ p  and Θd  are known at the boundaries (e.g., at a valve) or are zero (Θd = 0  at junctions 
and Ψ p = 0  at reservoirs). If the unknown of interest are the pressure heads and only junctions are 
considered, Eq. (18) simplifies in 

Ψd = Yd
−1Θd  (19)  

The inverse of the partitioned admittance matrix allows the evaluation of the unknown pressures 
in the frequency domain while the inverse Fourier transform can be used to represent the solutions 
in the time domain.  

In the following an implementation of the described admittance matrix algorithm is shown with 
reference to a numerical case study.  

2. THE NUMERICAL CASE STUDY 

A system of three pipes in series is considered (Fig. 1) with D1=D3=80 mm and D2=100 mm. 

NUc1ND
T =

c1 j if λ j = (i,k)∈ΛD,i

0  otherwise

⎧
⎨
⎪

⎩⎪

NDt2ND
T =

t2 j
λ j∈ΛD,i
∑ if k = i

0  otherwise

⎧
⎨
⎪

⎩⎪

NUt1NU
T =

t1 j
λ j∈ΛU,i
∑ if k = i

0  otherwise

⎧
⎨
⎪

⎩⎪

Ψ Θ

Ψ



 M. Ferrante & C. Capponi 404 

The total length of the pipe LT= 938 m is the sum of the lengths of three pipes, L1=546 m, L2=70 m 
and L3=322 m. In the initial steady-state conditions, the discharge of 0.47 l/s is delivered from the 
upstream reservoir, RU, to downstream reservoir, RD. The water level in the downstream reservoir is 
used as datum. The transient is introduced in the system by means of the complete closure of the 
valve V, located between RU and the upstream and of the pipe (node 1). To simulate the transient in 
the system, the effects of the maneuver are introduced in a numerical model based on the MOC as 
the flow variation at the node 1 (Fig. 2). 

The results of the simulation in terms of the variation in time of the piezometric head at the node 
1, or pressure signal H1, are given in Fig. 3. The numerical signal generated by the MOC is then 
used as a measured signal to calibrate the parameters of the NAMM model and diagnose the 
system. Assuming that the second pipe is a replacement of a damaged trunk of a pipeline, three 
unknowns are introduced in the calibration: the length, L2, the diameter D2 and the position of the 
replacement, defined by L1. The unknowns are calibrated by means of an optimization procedure 
based on the minimization of the sum of squared residuals, RSS, between the signals simulated by 
MOC and NAMM at node 1. Two algorithms are used in series. A Genetic Algorithm (GA) is used 
to explore a large range of variation of the parameters. The solution obtained by the GA is then used 
as a starting point of a Nelder-Mead algorithm (NM), to find the solution with the required 
tolerances.  

Two calibrations are considered. In Calibration 1 the position is considered as known and hence 
only L2 and D2 are estimated. In Calibration 2 the three parameters, L1, L2, and D2 are considered as 
unknown. The parameter values estimated by the calibrations are given in Table 1. The numerical 
signal obtained by the NAMM model with the results of Calibration 2 (Synth.) is compared with the 
MOC signal (Num.) in Fig. 1. The RSS is evaluated on the duration of 10 s and on n=1044 samples, 
with RSS/n=0.015 m2 for both GA and NM. In fact, in Calibration 2 the solution provided by GA 
almost coincides with the solution found by NM.  

If the model calibrated on 10 s in Calibration 2 is validated with the MOC signal on 55 s and 
5737 samples, such as in Fig. 3, the ratio RSS/n changes from 0.015 to 0.036 m2. Hence, the 
calibrated NAMM model is able to reproduce accurately the MOC signal on longer durations, 
compared to that used for the calibration. 

 

Figure 1. Layout of the system used for the numerical case study. 

 

Figure 2. Flow variation at node 1 due to the closure of the upstream end valve V. 

0 0.5 1 1.5 2 2.5 3
−1

0

1

2

3

4

5

6
x 10−4

t [s]

Q
 [m

3 /s
]



European Water 58 (2017)    405 

 

Figure 3. Piezometric head variation at node 1, H1, simulated by MOC (Num.) and estimated by  
Calibration 1 (Synth.). 

Table 1. Results of the calibration (data in bold are considered as known)  

 Calibration 1 Calibration 2 MOC 
Algorithm GA NM GA = NM  
RSS/n  (m2) 10.336 .004 .015  
L1  (m) 546.0 546.0 542.8 546.0 
L2  (m) 2.62 69.0 75.5 70.0 
D2  (m) 0.565 0.100 0.099 0.100 

3. CONCLUSIONS 

In this paper the network admittance matrix method has been extended, introducing the 
Brunone’s unsteady-friction formula, to improve its capabilities in the diagnosis of pressurised pipe 
networks by means of transients. A numerical case study has hen considered to estimate the length, 
the diameter, and the position of a pipe with a different diameter in a trunk main between two 
reservoirs. The preliminary results confirm that the diagnosis can be successful in the given 
conditions. Further work is needed to verify the effects of the unsteady-friction and the sensitivity 
to the parameters involved in the calibration. Besides the shown preliminary results, a test on field 
data is needed to confirm the capabilities of NAMM to diagnose functioning systems.  
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