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Abstract:  The present paper deals with a characteristic problem of spatial optimization, concerning groundwater resource 
allocation over the extent of a given spatial field. The method employed is ant colony optimization both in a single- 
and in a bi-objective sense. The objectives are: (i) pumping cost minimization; and (ii) minimization of the transport 
cost involved in distributing the extracted water quantities to the various locations of the given two-dimensional 
space. A version of ant colony optimization is presented combined with cellular automata in order to reflect the spatial 
character of the problem. The method is compared to an operative spatial genetic algorithm and hybridizations of the 
two approaches are presented, thus generating new single- and bi-objective optimization algorithms. 
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1. INTRODUCTION 

The spatial distribution of water resources is closely connected to land use planning and gives 
rise to composite optimization problems that consist of two interacting component management 
activities. These are the extraction and the allocation of the resources. The first activity seeks to 
minimize the pumping cost and the second one to minimize the cost of transporting water to 
locations over a given spatial field. Each one of these activities leads to a problem with a 
predominantly spatial character. The first one involves the connection patterns of the various 
locations receiving the water to the water extraction points, while the second one is proportional to 
the respective distances of these locations from the extraction points. In this sense the configuration 
of these connections is the object of decision for planners or managers. The problem can become 
more complicated by the addition of objectives involving spatially varying development costs or 
benefits from the water resource, but it is kept here at the level of two objectives that are sufficient 
to illustrate its generic nature. 

Spatial problems involving land use and general resource allocation abound in the literature. 
Indicatively, the papers of Li et al. (2011) and Liu et al. (2014) can be cited, especially because their 
method of choice is ACO (Ant Colony Optimization). However, spatial water problems are much 
more specialized in relation to the large area of water resources management, as expounded in the 
review paper of Memmah et al. (2016). In particular, water allocation problems may be connected 
to economical, social and environmental objectives and constraints, as indicated by Wang et al. 
(2015). These considerations also apply to land use allocation studies, as in Zhang et al. (2016) by 
coupling multi-agents with particle swarm optimization and in Ma et al. (2015) by employing an 
artificial immune system. 

Spatial water problems have been treated by coupling hydrological models with managerial 
decisions concerning the local use or disposition of available water quantities. Indicative of this 
trend are the two theses (Galgale, 2006; Xydi, 2014), along with their respective bibliographies. 
Hou at al. (2014) move along the same lines, applying ACO. Their multiple objectives are treated 
by merging them into one. The present problem is of a different nature from the problems posed in 
these references from the point of view of the cellular representation of the terrain and regarding the 
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participation of water pumping in the optimization process.  
While spatial resource allocation has been considered repeatedly in the literature for various 

kinds of resources, the case of water as a resource presents its own characteristics, if it is combined 
with the process of extraction. Then, the problem becomes nonlinear, it requires the simultaneous 
application of groundwater models and it is not separable with respect to individual cell 
contributions, because any change at the cell level affects the states of other cells. This point is 
explained in more detail in Sidiropoulos and Fotakis (2011) and in Fotakis and Sidiropoulos (2012). 

The spatial optimization problem of this paper has been dealt with by the authors using 
evolutionary methods, such as genetic algorithms and simulated annealing (Sidiropoulos and 
Fotakis, 2009; Fotakis and Sidiropoulos, 2009), stochastic and simulated evolution (Sidiropoulos 
and Fotakis, 2012, 2013) and harmony search (Sidiropoulos, 2012). Ant colony optimization has 
been applied to the problem under consideration by Sidiropoulos (2015) on a single-objective basis. 
A multi-objective extension of this method is presented here, as well as possible hybridizations with 
a spatial genetic algorithm.  

Moreover, the present approach incorporates the use of cellular automata concepts in 
combination with ACO aiding the local transitions of the cell states. This feature has been presented 
by Sidiropoulos (2015) and it is extended to the multi-objective situation of the present paper. The 
coupling of ACO with cellular automata is of a functional nature, as it is enacted at the cell level for 
the production of the local states in connection with the respective neighborhood. The deposition of 
pheromone records the local choice of neighbor and not just the passing from the cell in question. 
Therefore, the present approach, offering a composite optimization method, differs from couplings 
of ACO with cellular automata simulation models, such as the one by Li et al. (2011). In order to 
stress the spatial aspect, the presented method is denoted as SACO. 

2. PROBLEM DEFINITION 

The problem considered in this paper has been described elsewhere (Sidiropoulos and Fotakis, 
2009, 2011) and the details will not be repeated here. It concerns the spatial distribution of water 
pumped from a number of wells (Figure 1). A fictive two-dimensional domain divided into land 
blocks or cells is considered. Each one of the land blocks is irrigated from one of the wells. It is to 
be noted that the transmissivity T is constant throughout the whole field and subsequently also at 
the locations of the wells. 

The cell-blocks thus formed may be considered to possess a state in correspondence with the 
well to which they are connected, as indicated by the different colors of Figure 1. It is to be noted 
that the option of a null state is not considered. The distribution of these states constitutes the 
configuration of the spatial field. This configuration is the object of decision making, as it leads to 
the evaluation of the objective functions. The two objectives are to minimize: (1) the cost of 
pumping water from the aquifer that underlies the field under study; and (2) the cost of transporting 
the water from the well locations to the individual land-blocks. 

 

Figure 1. Problem definition 
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3. ANT COLONY OPTIMIZATION 

3.1 Coupling of ACO with cellular automata 

Ant colony optimization (ACO) has been described extensively in the literature. A characteristic 
publication is due to Dorigo et al. (1999). A version of the method adapted to the spatial problem is 
named SACO and is outlined as follows: 

Let it be desired to find an optimal distribution of resources or commodities over a given spatial 
field. Optimality is determined on the basis of one or more objective functions, respectively leading 
to a single- or multi-objective optimization. For a large class of spatial problems, the value(s) of the 
objective function(s) is (are) composed of individual local contributions. The spatial field under 
study is divided into cells. An attribute is assigned to each one of the cells, as part of the sought for 
global field arrangement. This attribute is called the state of the cell and the totality of the states of 
all cells constitutes the configuration of the spatial field. The state of a cell gives rise to the local 
value(s) of the objective function(s). In the present problem the state of the cell is the designation of 
the well to which the particular cell-block is connected. 

In the spirit of ant colony, a number of agents or ants are introduced that test all the cells, one by 
one in a synchronous mode, in order to determine the state that each cell will adopt at the next step. 
This transition will depend on current states of the cell’s neighbors and of the cell itself. The final 
decision will consist in adopting the state of one of the neighboring cells, a selection that will be 
based on (a) the quantity of pheromone, which has been deposited in previous selections with the 
cell in question as the starting point and (b) the local values of the objective function(s) at the cell 
and its neighbors. In the present problem the distinction between the local and the global values of 
the objective function(s) is of importance, but the issue has been dealt with by Sidiropoulos and 
Fotakis (2011). 

Let L = {1,2,…, a⋅b} be the set of cells that compose the field of study, as they are numbered 
according to a certain system (Sidiropoulos, 2009) and let p(k) for k = 1,2,…, a.b be the attribute 
assigned to cell k, where a and b are the dimensions of the rectangular area of Figure 1.Then, the set  

C p(L) {p(1),., p(a b)}= = ⋅  (1) 

is called the configuration of the spatial field. 
The objective function(s) depend on the configuration C: f = f(C), where f = (f1,f2,…,fm) is the 

vector of the objective functions, and m is the number of the objectives. If m = 1, the problem is 
single-objective. In the present paper the cases m=1 and m=2 will be treated.  

Let fk = (f1k,f2k,…,fmk) be the vector of the local values of the m objective functions that are 
attached to cell k.  

The neighborhood Nk of cell k is a subset of the set of all cells: kN L⊂ . 
Let lk be the number of cells that compose the neighborhood Nk. Then Nk may be written as 

kk 1 2 lN {k ,k ,..., k }=  
The decision table akj(t) for the iterative step t and for the choice of cell j based on the current 

cell k is formed as follows, separately for each one of the m objectives.  
Thus, for objective no i, for i=1,2,…,m, 

k

ikj ikj
ikj k

ikl ikl
l N

(t)
a , j N

(t)

α β

α β

∈

τ λ
= ∈

τ λ∑
 (2) 

where τikj is the quantity of pheromone deposited in previous selections from k to j with kj N∈ , 
with respect to objective i. 
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The value of λikj represents the value of the local objective function fi at the cell kj and is set 
equal to 

jikj ik1/ fλ = , if the objective i concerns minimization. 
The values of akj are finally formed by simple addition of the expressions (2): 

akj = a1kj + a2kj + …+ amkj (3) 

The values of the table akj are needed for the formation of the selection probabilities of cell j 
from cell k: 

k

kj
kj k

kl
l N

a (t)
p , j N

a (t)
∈

= ∀ ∈

∑
 (4) 

The final choice of the cell that will be employed is to be made by means of a roulette or 
proportional selection among the cells of the neighborhood Nk. This process is well known to 
provide an advantage to the cell with the largest probability pkj, but it does not secure its selection 
with certainty. 

Suppose cell j k kk N , j {1,2,.., l }∈ ∈ is selected. Cell kj is denoted as k j k kn k , n N= ∈ . 
Then, cell k adopts the attribute (state) of cell nk (Figure 2). This choice has been directed by the 

states of the cells of Nk. This is a basic characteristic of a cellular automaton. The neighborhood 
defined for every cell consists of four cells placed around the cell according to the pattern of Figure 
2 and it is known in the cellular automata terminology as von Neumann neighborhood. 

 

Figure 2. von Neumann neighborhood 

The SACO process begins with an initial basic configuration C0. Each one of the ants runs 
through all cells and defines the selection described above in a synchronous manner. Thus, a 
renewed configuration results from the initial one. If N is the number of ants, then N new 
configurations C1, C2,…, CΝ result with corresponding objective function values f(C1), f(C2),.., 
f(CΝ). 

If m=1 (single-objective), let f be the value of the single component. Then, the new base 
configuration C0 is formed as follows: 
 

0 j
1 j N

C argmin{f (C )}
≤ ≤

←  (5) 

 
If m=2 (the present case), each one of the new configurations will lead to the two-component 

vector 

(1) (2)
j j j(f , f )=f , j = 1,2,…,N (6) 
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The pairs of Eq. (6) may be represented as points on the two-dimensional objective space, with 
f(1) and f(2) as co-ordinate axes. Then, they may be subjected to non-domination sorting, in order to 
pick out the non-dominated front of the current population. For each one of the front members, the 
distance is found between that member and the other members of the front. Out of these distances, 
the smallest one is selected and it is denoted as dj, where j runs over all members of the front. Then, 
let b be the index with the largest of all dj’s: 

{ }b jj
d max d=  (7) 

Finally, the new base configuration C0 is selected as 

0 bC C←  (8) 

Obviously, C0 corresponds to the most isolated point among the non-dominated ones on the 
objective space. This choice favors diversity of the Pareto front. 

The process of selection has been described in more detail by Sidiropoulos (2012a). 
When all the ants complete their action on the base configuration, the values of τij are renewed as 

follows: 

i j( j)
ikm k

j

1/ f (C ), if m k
m N

0, if m k
=⎧

Δτ = ∀ ∈⎨ ≠⎩
 (9) 

where i runs over the various objectives, i=1,…,m and kj represents the member of the 
neighborhood of cell k that was chosen, while j=1, 2,.., N runs over the population of ants. Then, 

N
( j)

ikm ikm
j 1=

Δτ = Δτ∑  (10) 

Finally,  

ikm ikm ikm k(t) (1 ) (t) (t) m Nτ ← −ρ τ +Δτ ∀ ∈  (11) 

where ρ is the “evaporation rate” of the pheromone that is represented by τ. 

3.2 Implementation of SACO 

The following observation may be useful: The neighborhood of cell k has already been denoted 
as Nk. Also, nk is the cell of the neighborhood that was selected on the basis of k. Then, the set 

1 2 a•bO {n ,n ,...,n }=  (12) 

may be considered as an operator, that acts on a configuration C {p(1),., p(a b)}= ⋅ of the type shown 
in Eq. (1), as follows: 

Let ip(i) p(n ), i 1,2,..,a b= = ⋅ . Then, the resulting configuration is 

C {p(1), p(2)., p(a b)}= ⋅  (13) 

The configuration of Eq. (13) is considered as the result of an operation of O (Eq. 12) to C and is 
denoted as (Sidiropoulos, 2012a) 
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C O C= ⊗  (14) 

After this observation, the SACO method may be summarized as follows: 
 
Initialize 
Define values for the parameters α, β (Eq. 2), ρ (Eq. 11), Ν and initial values for τij’s 
Generate a random initial configuration C0. 
Do Until stopping criteria are satisfied 
 For i=1 to N 
  For k=1 to a.b 
   Compute akj (Eqs. 2 and 3) 
   Compute pkj (Eq. 4) 
   Select nk by means of roulette wheel 
  End For 
  Generate operator Oi of the type (12) 
  Generate new configuration  of the type i i 0C O C= ⊗   
  Compute f(Ci) 
 End For 
 Generate new base configuration C0  
  If single-objective by Eq. (5) 

 If multi-objective select C0 by domination and isolation (Eqs. 6 and 7) 
 Renew τij (Eqs. 9, 10 and 11) 
End Do 
 

The above process can be represented schematically as in Figure 3. 

 

Figure 3. Schematic representation of SACO 

The characterization “best” in Figure 3 may refer either to the single- or the multi-objective case, 
depending on the process followed in each case. 
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4. OPERATIONAL GENETIC ALGORITHM (OGA) 

4.1 Outline of OGA 

The operator defined in Eq. (12) is the basis of a spatial genetic algorithm called the operational 
genetic algorithm. It has been described by Sidiropoulos and Fotakis (2011), while a multi-objective 
version of OGA was presented by Sidiropoulos (2012a). 

It can be summarized as follows: 
 
Initialize 
Generate a random initial configuration C0 
Generate Ο1, Ο2,…, ΟΝ, an initial population of operators of the type (12) 
Do Until stopping criteria are satisfied 
 For i=1 to N 
  Generate new configuration of the type i i 0C O C= ⊗   
  Compute f(Ci) 
 End For 
 Generate new base configuration C0  
 If single-objective, 

use Eq. (5)  
End If 

 If multi-objective,  
select C0 by domination and isolation (Eqs. 6 and 7)  

End If 
  
 Apply the genetic operators of selection, crossover and mutation to  
  the members of the population Ο1, Ο2,…, ΟΝ. 

  A renewed population results: 1 2 NO ,O ,..,Oʹ ʹ ʹ  
 Set i iO O , i 1,2,..,Nʹ← =  
End Do 
 

The OGA can be represented schematically by a diagram similar to the one of Figure 3. 
The structural affinity of SACO and OGA permits similar programming and opens the way for 

possible hybridizations. 

4.2 Formation of hybrids 

In the single-objective case, two hybrids can be formed. The first one consists in an alternating 
application of OGA and SACO. It may be summarized as follows: 
 
Hybrid 1 
 
Initialize 
Define initial configuration C0 and initial values for the τij’s 
Do Until criteria are satisfied 

For i = 1,2,..,N 
Create operators Oi (Eq. 12)  
according to ACO 

Next For 
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Operate i i 0C O C= ⊗ , i=1,2..,N 
Compute f(Ci) and thus evaluate the N operators 
Determine new base configuration C0 (Eq. 5) 
Renew the values of τij’s 
 
Apply selection, crossover and mutation to the operators created above  
A renewed population of operators results 
Operate i i 0C O C= ⊗ , i=1,2..,N 
Compute f(Ci) and thus evaluate the N operators 
Determine new base configuration C0 (Eq. 5) 

End Do 
 

The second proposed hybrid implements OGA as its basic component and applies SACO 
periodically: 
 
Hybrid 2 
 
Initialize 
Define initial configuration C0 and initial values for the τij’s 
Do Until criteria are satisfied 

Apply OGA for a number a of generations 
Every generation produces a new C0 
At the end of each generation the values of the τij’s are renewed 
On generation a+1 SACO is applied 

on the basis of C0 and  
the τij’ that resulted from generation a 

The algorithm returns to OGA  
End Do 
 

Hybrid 1 may be considered as a special case of Hybrid 2 with a=1. 
For the multi-objective case, the implementation of SACO has already been described in a 

unified manner in Section 3.2. The same holds for OGA. The multi-objective versions of these two 
algorithms are denoted as mSACO and mOGA. 

A multi-objective version of the above hydrid 1 is formed, comprising successive application of 
mSACO and mOGA.  

5. RESULTS AND DISCUSSION 

5.1 Single-objective case 

The problem described in Section 2 was dealt with by (a) SACO, (b) Hybrid 1 and (c) Hybrid 2. 
It is noted that single-objective means merging the two costs, pumping and transport into a direct 
sum (Sidiropoulos and Fotakis, 2009, 2011). The result of SACO is shown in Figure 4, after 200 
generations, out of which the 170th was the best. The respective value of the objective function was 
equal to 9283.86 with a degree of compactness equal to 402, following the definition of 
compactness given by Aerts and Heuvelink (2002). 

 OGA on the other hand gives a value of the objective function equal to 9283.3 along with a 
compactness of 396 (Figure 5). This result demanded more than 100 generations. It needs to be 
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noted here that the objective function values do not differ significantly, but compactness is larger in 
the result of SACO. 

 

Figure 4. SACO 

 

Figure 5. OGA 

These results are compared to those of the two hybrids. Hybrid 1 gives a value of the objective 
function equal to 9283.70 with compactness equal to 400 (Figure 6). This result was obtained after 
200 generations, with each generation alternating between SACO and OGA and with the best result 
appearing on the 115th generation. 

A comparable result was obtained by Hybrid 2 (Figure 7) with a value of the objective function 
equal to 9282.89 and compactness equal to 390 after 100 generations and with the best result on the 
70th generation. SACO was applied periodically, every 5 generations. It is noted that OGA is more 
efficient and the effect of SACO is to reinforce the local search. Also, it is stressed again that 
compactness is an emergent result. 

 

Figure 6. Hybrid 1 

 

Figure 7. Hybrid 2 

5.2 Multi-objective case 

First, mSACO is compared to the hybrid mSACO-mOGA. The result is shown in Figure 8. 

 

Figure 8. Comparison of mSACO to mSACO-mOGA hybrid 
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mOGA is also compared to the hybrid mSACO-mOGA, as in Figure 9. 

 

Figure 9. Comparison of mOGA to mSACO-mOGA hybrid 

It can be observed that the hybrid yields a better Pareto front than mSACO alone and mOGA 
gives better results than the hybrid for a portion of the front, but with a limited diversity. 

6. CONCLUSIONS 

A new spatial version of ant colony optimization is presented and applied to a problem of 
groundwater resources allocation and spatial distribution. A functional coupling of ACO with 
cellular automata is introduced resulting in new versions of cell-based optimization. 

It may be concluded that SACO, the present spatial version of ACO, offers reinforcement in the 
function of cellular automata optimization. It may work on its own both in the single- and in the 
multi-objective case, or it may be hybridized with OGA, a special spatial genetic algorithm.  

In the single-objective problem, an improvement is noted by the hybridization, particularly in 
terms of the emergent compactness. In the multi-objective case, hybridization of mSACO with 
mOGA results in an overall better Pareto front than the one produced by mSACO alone, while the 
same hybridization improves only the diversity of the front, compared to mOGA. 

Clearly, numerical experimentation with a variety of spatial problems with the addition of 
constraints is going to be particularly useful. 
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