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Abstract:  Variations of fluid density often affect the flow field and transport phenomena. Typical examples concerning 
groundwater flow in porous media include intrusions of seawater, geothermal applications, and subsurface carbon 
sequestration. A classic benchmark used to test the capability of numerical codes to handle density-driven flow fields 
is the Elder problem. In the present work, the open-source numerical code OpenGeosys is used for the solution of the 
Elder problem. The simulations that are presented here include the standard case of Rayleigh number Ra equal to 400, 
and cases with lower values of Ra. The sensitivity of the steady-state solutions on the grid density is tested. Further, 
the results of the simulations are compared with solutions published in earlier works. The steady-state solutions of the 
standard case Ra=400 are found to be dependent on the time step that is used in the simulations. Based on this fact, a 
complete scan of the range of Ra from 60 to 400 with different time steps of the simulations is undertaken. The results 
of this scan are checked against the bifurcation diagram that was provided in an earlier study. 
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1. INTRODUCTION 

In this work, numerical solutions of buoyancy-driven flow in porous media and aquifers are 
investigated. This type of flow appears in many problems of practical interest, like fresh-saltwater 
interactions and saline contamination (Kaleris, 2006; Zimmermann et al., 2006; Lin et al., 2009), 
and carbon dioxide sequestration (Farajzadeh et al., 2007; Hassanzadeh et al., 2007). A classic 
benchmark to test the capability of numerical codes to handle this type of problems is the Elder-
Voss-Souza problem which was proposed by Voss and Souza (1987) as a modification of the heat 
transfer problem examined by Elder (1967). A description of this problem is provided in Figure 1, 
which depicts the rectangular cross section of an aquifer containing a homogeneous and isotropic 
porous medium saturated with freshwater (density ρ0=1000 kg/m3). In the central upper part there is 
a source of saltwater (density ρs=1200 kg/m3). These conditions correspond to the initial state of the 
examined problem, or equivalently to the Initial Conditions for t=0. For t>0 mass transfer occurs 
from the top of the aquifer downwards due to molecular diffusion and natural convection. The 
pressure in the upper part of the aquifer is considered to be zero (p=0). All boundaries are 
impermeable. The dynamic viscosity of the water is equal to µ=10-3 kg/m/s, the permeability 
k=4.845x10-13 m2, the coefficient of molecular diffusion D0=3.565x10-6 m2/s and the porosity ε=0.1. 
The dispersion process is considered to be independent of the velocity field, so that no 
hydrodynamic dispersion occurs (Bear, 1979; Koch and Brady, 1986; Moutsopoulos and Koch, 
1999).  

The evolution of the salt concentration c, presented in non-dimensional form (i.e., rescaled from 
0 to 1) for the problem described above, will be examined in the present study. As shown in Figure 
1, the flow field is symmetric, and in many studies, including the present one, the problem is solved 
in half domain to save computing resources.  
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Figure 1. Flow field and boundary conditions of the Elder-Voss-Souza problem considered in the present study. 

Unlike in the problem depicted in Figure 1, in the original problem introduced and studied (both 
numerically and experimentally) by Elder, density differences were produced by heating the bottom 
of the field (which was a Hele-Shaw cell in that case). Nevertheless, the two problems are 
equivalent for the same value of the Rayleigh number (Ra) defined by the relation (Prasad and 
Simmons, 2003): 
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where g is acceleration due to gravity, Δc is the variation of the non-dimensional density of 
saltwater and freshwater (in this study Δc=1), H is the aquifer depth (in this study H=150 m), and β 
is the linear expansion coefficient of fluid density with changing fluid concentration, defined by the 
relation ⎟
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0  (in this study β=0.2). The rest of the parameters were defined above. Since 

the Elder and Elder-Voss-Souza problems are equivalent, they will be lumped together hereafter for 
simplicity under the term “Elder problem”, and they will be distinguished by the type of scalar. 

Complementary to Ra the non-dimensional Nusselt number (Nu) is used to assess system 
behavior of density-driven flows. The Nusselt number is defined by the following relation (Prasad 
and Simmons, 2003): 
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where Q is the flow rate of saltwater at the saltwater source, and W and Ls are the width and the 
length of the saltwater source. 

For the case of Ra=400 considered by Voss and Souza (1987), Elder (1967) and also several 
other researchers including Frolkovič and De Schepper (2000), Doulgeris and Zissis (2004), van 
Reeuwijk et al. (2009), concluded that the problem is unstable, so that small disturbances, i.e., small 
variations in the Initial Conditions and the Boundary Conditions, can result to important changes in 
the flow and mass transfer behavior. Therefore, distinct solutions can occur for almost the same 
Boundary and Initial Conditions. Examples of such disturbances are “dog barking” (laboratory 
case), and natural heterogeneities in geologic systems or small pressure changes in a distant aquifer 
location (field case). Correspondingly, it has been proven that for the numerical simulation case, 
such disturbances can be caused by truncation errors induced by the spatial discretisation processes 
(e.g., Frolkovič and De Schepper, 2000). Interestingly enough, the solutions occurring in physical 
systems are equivalent to the aforementioned numerical solutions. 

Although the “disturbances” or “system perturbations” mentioned above influence the flow and 
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mass transfer behavior continuously, the distinct solutions are classified on the basis of the steady-
state behavior, e.g., Diersch and Kolditz (2002), Doulgeris and Zissis (2004), van Reeuwijk et al. 
(2009). For the Elder problem and for Ra=400, until today three distinct forms of the concentration 
field have been identified and are characterized as “S1”, “S2”, and “S3”, on the basis of the number 
of “fingers” (lobe-shaped instabilities) appearing at steady-state. In S1, S2, and S3, one, two, and 
three fingers, respectively, appear (van Reeuwijk et al., 2009). While the S1 concentration field, in 
which one single finger located at the vertical symmetry axis of the aquifer appears, has been 
reported for the whole range 0 to 400 of Ra, the S2 and S3 fields appear for Ra>76 and Ra>172, 
respectively. For Ra<76, the system is diffusion-dominated and a single solution exists. While for 
the theoretical case of an infinitely extending strip, convection occurs for Ra>4π2 (Horton and 
Rogers, 1945), for the Elder problem in which the horizontal extent is finite, convection occurs for 
Ra>0 (van Reeuwijk et al., 2009). 

2. NUMERICAL SIMULATION 

In the present work, the Elder problem was simulated using the open-source software 
OpenGeosys (Kolditz et al., 2012), while the open-source software Paraview (www.paraview.org) 
was used for the post-processing of the results. OpenGeosys uses the Finite Element Method (the 
classical Galerkin method) for the space discretization, and the Finite Difference Method for the 
time discretization. Non-linear equations are solved by the Picard scheme. The Rockflow software, 
developed in the mid-eighties by the Institute of Hydromechanics of the University of Hannover, 
can be considered an earlier version of OpenGeosys.  

As noted in the Introduction, the symmetry of the problem was taken into account and the 
simulations were run for the left half domain of Figure 1. The reflection filter “Reflect” of the 
Paraview software was used in order to show the results in the entire flow domain. The spatial 
discretization is typically characterized according to Frolkovič and De Schepper (2000), who 
suggest structured, uniform grids consisting of 22l+1 elements for simulations of the half domain. 
Grids having a value of l equal to at least 6 are typically considered to be reliable. In the present 
work, grids similar to these used by Ataie-Ashtiani et al. (2014) were employed, i.e., grids 
consisting of 100x50, 200x100 and 400x200 square elements. For the latter most dense grid, the 
coefficient l takes a value between 7 and 8.  

Concerning the time discretization, typically non-constant automatic time steps are used to solve 
the problem examined herein. Nevertheless, some researchers used uniform time steps, for example 
Frolkovič and De Schepper (2000) used a time step Δt=9 d, and Voss and Souza (1987) and 
Jamshidzadeh et al. (2013) used Δt=30 d. In this study, at first, the simulations used the “PI-control” 
(Proportional and Integral feedback control) routine of OpenGeosys, which automatically generates 
time steps of non-uniform size. The time steps of this routine ranged from 1 minute up to 7 days, 
with a typical average value of 3-4 days. However, as it will be presented later, it was necessary to 
also perform simulations by using time steps of uniform size, with Δt varying between 5 d and 60 d, 
because this parameter was found to influence the form of the concentration field, and depending on 
its choice S1, S2, or S3 steady-state concentration fields can appear. 

3. RESULTS AND DISCUSSION 

According to van Reeuwijk et al. (2009), a successful simulation software for the Elder problem 
should fulfil the following requirements: 

1. Agreement of the numerical results with an existing semi-analytical solution for the pure 
diffusion problem (Ra=0). 

2. Reproduction of the unique steady-state solution and the transients leading to it, for the Ra=60 
case.  

3. Reproduction of the S1 and S2 concentration fields for the Elder problem (case Ra=400). 
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As it will be shown below, the OpenGeosys software fulfils all these requirements. 

3.1 Ra=400 

Most studies of the Elder problem use a simulation time period of 20 years, assuming that the 
concentration field has reached its steady-state at this point. In Figure 2, the concentration fields 
obtained by OpenGeosys for a simulation time period of 20 years, for the three grids mentioned in 
the previous section (i.e., grids consisting of 100x50, 200x100, and 400x200 square elements), and 
for both the case of a non-constant time step determined by the PI-control and the case of a constant 
time step Δt=30 d, are presented.  

 

Figure 2. The concentration field at t=20 years, for the three grids used in this study, and for time steps either 
determined by the PI-control procedure (a, b, c) or constant Δt=30 d (d, e, f). Continuous lines are concentration 

contours between c=0.1 and c=1 with a step of 0.1. 

For the former case of PI-controlled time step and for all grids, S1 concentration fields were 
obtained. Nevertheless, in the study of Ataie-Ashtiani et al. (2014), who used the same grid 
resolution with the present work but performed simulations using FEFLOW and not OpenGeosys, a 
S2 field was obtained for the coarse grid case, while for the denser grids, S1 profiles were obtained 
(see their Figure 2). This result indicates that unlike in the case of FEFLOW, for simulations 
performed with OpenGeosys, the concentration field is not sensitive to the spatial discretization. 
Nevertheless, as it is depicted in Figure 2, the form of the concentration field depends on the time 
discretization: using a constant time step Δt=30 d, and not the PI-control routine, S2-type and not 
S1-type concentration fields were obtained. 

 

Figure 3. The concentration field at t=20 years for uniform time step (a) Δt=10 d, (b) Δt=60 d. Continuous lines are 
concentration contours between c=0.1 and c=1 with a step of 0.1. 

To further investigate the influence of the time discretization, a series of simulations of time 
period equal to 20 years for Ra=400 with the dense grid 400x200 and constant time steps of Δt=5 d, 
10 d, 30 d and 60 d were performed. For the first three time steps, the same concentration field of 
S2-type was obtained, but for Δt=60 d the resulting concentration field was of the S1-type. These 
two forms of the concentration field are depicted in Figure 3 for Δt=10 d and Δt=60 d. This result is 



European Water 55 (2016)   35 

 

considered to be important: to the best of the present authors’ knowledge, the dependency of the 
type of the resulting concentration field on the time step used has not been reported in earlier 
simulations of the Elder problem. Accordingly, a complete scan of the range 60 to 400 of Ra with 
different values of constant time steps was undertaken, and it will be presented in Section 4 of the 
present work. 

In Figure 4, the S1-type concentration fields obtained from OpenGeosys in the present work for 
simulation time periods of 10 and 20 years are compared with both the experimental data of Elder 
(1967) and the numerical results of Voss and Souza (1987), which were computed using the 
SUTRA software (obviously, the data of Elder are inverted in order to be compared with the 
concentration fields). The agreement of the results of the present study with both reference data sets 
is considered satisfactory. Interestingly enough, as it is depicted in Fig. 4a, three fingers may occur 
at early times for a S1-type profile. 

 

Figure 4. Validation of the S1-type scalar fields obtained in the present work: the experimental results of Elder (small 
white dots) are compared with the numerical results of Voss and Souza (1987) (large black dots), and with the results of 

OpenGeosys (continuous lines), for simulation time periods (a) t=10 years and (b) t=20 years. Lines and dots are 
concentration contours c=0.2 and c=0.6.  

Concerning the case of S2-type concentration fields, the results of the present work for 
simulation time periods of 10 and 20 years are compared with the numerical results of Prasad and 
Simmons (2003), and Jamshidzadeh et al. (2013) in Figure 5. Again the agreement of the 
OpenGeosys results with both reference data sets is considered satisfactory. 

 

Figure 5. Validation of the S2-type scalar fields obtained in the present work: the numerical results of Prasad and 
Simmons (2003) (small white dots) are compared with the numerical results of Jamshidzadeh et al. (2013) (large black 
dots), and with the results of OpenGeosys (continuous lines), for simulation time periods (a) t=10 years and (b) t=20 

years. Lines and dots are concentration contours c=0.2 and c=0.6. 

In conclusion, for Ra=400 OpenGeosys delivered concentration fields of both S1-type and S2-
type, depending on the time step used. Both types of concentration field were successfully validated 
against the results of earlier simulations. 

3.2 Ra=0 

A semi-analytical solution of the Elder problem in the Laplace space for Ra=0 (pure diffusion 
case) has been developed by van Reeuwijk et al. (2009). This solution was inverted during the 
present study to the real time space by the Stehfest algorithm (Stehfest, 1970) and it was compared 
with the corresponding steady-state OpenGeosys solution, which was obtained by setting the 
permeability k=0 in Eq. (1). As depicted in Figure 6, the agreement between the numerical and the 
semi-analytical concentration fields is satisfactory. 
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Figure 6. Comparison of the steady-state concentration field obtained by OpenGeosys for Ra=0 (left) with the 
corresponding semi-analytical solution (right). Continuous lines are concentration contours between c=0.1 and c=1 

with a step of 0.1. 

3.3 Ra=60 

According to van Reeuwijk et al. (2009), in the case of Ra<76 the Elder problem has a unique 
solution, which has the form of a S1-type concentration field. The steady-state of the case Ra=60 
was simulated by OpenGeosys in the present study, again by setting the permeability k to the proper 
value in Eq. (1). The concentration field obtained by OpenGeosys is compared in Figure 7 with the 
corresponding field that was numerically obtained by van Reeuwijk et al. (2009) by using a grid-
independent pseudospectral code. The agreement of the two concentration fields is considered 
satisfactory. 

 

Figure 7. Concentration field for Ra=60: numerical results obtained by van Reeuwijk et al. (2009) (white dots) and by 
OpenGeosys (continuous lines). Lines and dots are concentration contours between c=0.1 and c=1 with a step of 0.1. 

3.4 Temporal evolution of the Nusselt number for the Ra=400 case 

As it has been demonstrated above, OpenGeosys fulfils all the criteria imposed by van Reeuwijk 
et al. (2009) for the Elder problem. In an additional validation check, the Nusselt number (defined 
by Eq. 2) was evaluated from the concentration fields obtained by OpenGeosys for several 
simulation time periods. The values of Nu are compared in Figure 8 with the experimental results of 
Elder (1967) and with the numerical results of Jamshidzadeh et al. (2013). The results of the present 
study are remarkably close to the experimental results of Elder (1967), while they also agree with 
the results of Jamshidzadeh et al. (2013).  

Concerning the points that are marked by letters in Figure 8, it has been suggested by Prasad and 
Simmons (2003) that between points A and B a boundary layer is developed near the scalar source. 
At point C, the plume has reached the bottom boundary, while at point D, the denser part of the 
plume is in the lower part of the domain. In the region between points D and E, diffusion prevails 
over mass advection. 
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Figure 8. Evolution of the Nusselt number in simulation time for Ra=400: comparison of the results of OpenGeosys 
with those of Elder (1967) and Jamshidzadeh et al. (2013). 

4. STUDY OF BIFURCATION 

As noted in Section 3.1, the dependency of the form of the concentration field on the simulation 
time step is considered an important result of the present study. Accordingly, a complete scan of the 
range of Ra from 60 to 400 for different constant time steps was undertaken, in an attempt to better 
characterize this dependency. Since the results of OpenGeosys were found to be independent from 
the grid density, at least for the three grids used in the present study, the grid of middle density 
(200x100 square elements) was used here, to save computer time. The range of Ra from 60 to 400 
was covered with a step of 20 (i.e., the simulations were run for Ra=60, then Ra=80, then Ra=100, 
and so on up to Ra=400). For every simulation, the desired value of Ra was obtained by properly 
setting the permeability k in Equation 1. The simulations were repeated for three values of constant 
time step Δt=10 d, Δt=30 d, and Δt=60 d.  

The work that is presented in this section is actually a repeat of the pioneering work of van 
Reeuwijk et al. (2009), who used a grid-independent pseudospectral method to construct the 
bifurcation diagram of the three stable steady-state forms S1, S2, and S3 of the concentration field 
in the Ra range 0-400. These authors used different initial conditions to obtain the three forms S1, 
S2, and S3 at Ra=400 and then used the obtained steady-state concentration fields as initial 
conditions for lower Ra, and so on, thereby determining a continuous line for every form in the 
bifurcation diagram. On the contrary, in the present work all simulations were run with the same 
initial conditions that were described in the Introduction, and the forms S1, S2, and S3 were 
obtained by changing the time step Δt of the simulations. 

An early result of the study that is described in this section was the conclusion that a simulation 
time period of 20 years is too small to ensure steady-state behavior. Simulation time periods of at 
least 60 years are mandatory for meaningful steady-state results. There were even cases where the 
two simulation time periods (20 and 60 years) resulted in different forms of the concentration field. 
Accordingly, all the simulations reported here had a time period of 60 years. 

According to van Reeuwijk et al. (2009), it is very difficult to obtain the form S3 of the 
concentration field. Indeed, these authors could not find a set of initial conditions that would result 
to S3, and they concluded that the basin of attraction of S3 is small, with only a small subset of 
initial conditions leading to S3. Interestingly, in the present work the form S3 was obtained for 
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Δt=10 d at Ra=280 and Ra=300, as depicted in Figure 9. This could provide some information 
about the conditions of appearance of the form S3. 

 

Figure 9. The form S3 of the steady-state concentration field, obtained for Δt=10 d at Ra=300. Continuous lines are 
concentration contours between c=0.1 and c=1 with a step of 0.1. 

A contour map of the form of the concentration field as a function of Ra and the time step Δt of 
the simulation is provided in Figure 10. This map is based on a grid that was constructed from the 
triplets (Ra, Δt, and resulting form of the concentration field) of the simulations. The grid was 
constructed with the nearest neighbor gridding method. The most interesting range of this grid 
appears to be around Ra=300, where every possible stable steady-state form of the concentration 
field can be obtained with a proper value of Δt.  

 

Figure 10. Contour map of the form of the steady-state concentration field as a function of Ra and Δt. 

As suggested by van Reeuwijk et al. (2009), a good indicator of the system studied is the vertical 
solute flux at the top wall, which is expressed as a local Sherwood number Shx, defined by: 
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Shx could be integrated along the top wall to provide the average Sherwood number Sh: 

∫=
2

0
2
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Notice that this definition of Sh is valid for normalized dimensions of the flow field, i.e., when z 
is ranged from 0 to 1 and x from 0 to 4. The definition of Sh should be transformed properly when 
applied to non-normalized coordinates, like those in Figure 1. The suggestion of van Reeuwijk et al. 
(2009) was verified in the present study, as depicted in Figure 11, where the profiles of the local 
Sherwood number Shx along the top wall are plotted for the three forms of the steady-state 
concentration field that were obtained at Ra=300. Every form of the concentration field appears to 
have its own characteristic profile of Shx which corresponds to a characteristic integral Sh along the 
top wall. In conclusion, Sherwood number is an efficient indicator of the form of the concentration 
fields, and could be used as the vertical axis in the bifurcation diagram, like in van Reeuwijk et al. 
(2009).  
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The study of bifurcation that is described in this section is concluded with a check of the results 
of the present work against the bifurcation diagram that is provided by van Reeuwijk et al. (2009). 
This check is depicted in Figure 12, where the lines of S1, S2, and S3 were digitized from Figure 6 
of van Reeuwijk et al. (2009) and are plotted together with the pairs (Ra, Sh) of the simulations of 
the present study, which are grouped by the form of the steady-state concentration field. The 
agreement is striking, to the point that it could be suggested that future tests of the capability of 
numerical codes to handle density-driven flow fields which solve the Elder problem should include 
a check of agreement with the bifurcation diagram of van Reeuwijk et al. (2009). It is stressed that 
the present work was able to reproduce the three stable steady-state forms of the concentration field 
simply by using different time steps, while all simulations started from the classic initial conditions 
of the Elder problem. This could provide information on the mechanism of appearance of the 
different concentration fields. 

 

Figure 11. Profiles of the local Sherwood number Shx along the top wall of the studied flow field for the three forms of 
the steady-state concentration field that were obtained at Ra=300. 

 

Figure 12. Check of the results of the present study against the bifurcation diagram of van Reeuwijk et al. (2009).  
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5. CONCLUSIONS 

The Elder problem was investigated by performing simulations with the open-source 
OpenGeosys software. It was demonstrated that OpenGeosys can reliably simulate density driven 
flows. Further, the results of the simulations of the present study indicate that in the unstable flow 
regimes, truncation errors induced by temporal discretisation can strongly influence the flow 
regimes and produce different solutions. A phase diagram describing the dependence of the 
different solutions on the time step of the simulations was provided. The results of the present study 
were found to agree with the bifurcation diagram of van Reeuwijk et al. (2009). To the best of the 
present authors’ knowledge, the fact that the distinct forms of the steady-state concentration fields 
of the Elder problem can be produced by choosing different time steps has not been reported before, 
and it should be confirmed by further investigations. 
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